
Chapter 1 Module 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

S II DefinitionandPropetiesofModule
AssumeRtobe aunitalcommutativeringwithunit IR orsimply I WealsoassumeOR IR toavoid

somebadpropetyoftheringR
DefII LetR be aring M t beanAbeliangroup ifthereis amap RxM M.ca.ms am

suchthat

I acxty axtay
2 atb x axtbx

3 abi x acbx
生 IX X

thenM iscalled aleftRmodule

RemarkTherightmodulecanbedefinedsimilaly When Risa commutativering aleftRmoduleisalso a
rightRmodule Def1.2

ExampleII Vectorspacesaremodulesoverfields

ExampleI2 AnyAbeliangroupM is a 2modulewithactiongivenby
m.x xtn.tnr Ozx OM c I x

XExampleI3LetVbeavectorspaceoverfieldF andTbe a linearoperator T V V Consider

polynomialring FINI wehave FLRIEFITI viatheactionof T on V we obtain a FLRI
modulestructureover V

FIIII x V V
pc入 X 1 pT X

Example I壬RingR is amoduleoveritseH.IS is asubringofR thenRisa smodule but S is
notnecessarily a Rmodule WhenS'is a idealofR allideals aresubrings S is an R module

Notice R is a subringof RLx xn I thus Rtx xnI is an R module Similarly the

ringofformalpowerseries RLIXII is an Rmodule

Example I 5 LetR.Sberingand 4 R Sbe aringhomomorphism M be a S module then

M is an R modulewithaction ax 4 a x

claimieǎ竺obeanRmodule.io 些



2 a x ax 2 a x ax

3 a Zixi Ziaxi 3 ZiUi X Zilaix

Proof 11 a x a.cn t0 axtao a.o 0

I a x at0 x ax to x o.x o

21 a.c x t a x a o o as x a.x

12'1 aix t a x l al t a I.x o tax ax

13 andi3'1 are obvious

Mainlyusethecancellationpropertyofgroup
Example I6 ZeromoduleM 10

Def I 3 Let Mbean R module andN asubsetofM N iscalled a submodule ofM if
Il N is a subgroupof Mi
2 ax EN aER XEN

Prop1.1 Thenonempty subset NEM is a submodule if
1 yi.y2 EN y tyz EN

2 a ER XEN ax EN

Proof is obvious

Choose a o in 2 andyEN based on claim above we obtain oy o E N

Similarly choose a I andyEN tn.y y EN Thus N is a subgroup

Example I 7 Let M be a 2 module N is a submodule iff N is an additive subgroup

ExampleI 8 Let V be a vectorspace overF Wis a submodule if Wis a subspace
Example I9 Let Vbe a vector spaceoverfieldF Tbea linearmap T V V Regard Vas a

FLTI module a submoduleofV is aninvariant subspaceof T
Proof N is a submoduleofV show N is invariant subspace

N is a subgroup since F E FI TI Nis closed undertheactionof FthusN is asubspare
Since TE FITI N shouldbe closedunder the action of T
4 N is an invariant subspace of V showthat N is a submodule

N is a subgroup of V N is invariant undertheactionof T thus it isalso
invariant under the action of Tm m 1.2.3 thisimplies N is invariant
undertheaction of pcTI E FITI



Example I.IO Regard ring R as R module N is a submodule if N is an ideal
This is clearfromdefinition

Example I.II Let iNi l iE I be a family ofsubmodules thenMieI Ni is a submodule
Example I.I2 Zerosubmodule 0

Example I 13 Forring R and R module M let xEM wedefine annihilator of x as
AnnR x aER I a x o

111 AnnR x is anidealofR
Proof Step I Show AnnRix1 is a subgroup

Suppose a b EAnnRexl a x b.x 0 then a b x o Thisimplies

a b EAnnRIXI AnnRIXI is a subgroup

Step2 Show R.AnnRex1 AnnR X1

r ERe and a EAunR xi na x r.ca x1 r.o 0 r.aeAnnRlx

2 IfAnnpixl 0 X iscalled a torsion element

3 If R is an integraldomain commutativeringsuchthat a b ER ab o implies a o on

b 0 thesetof all torsion elements TCM is a submodule called torsion submodule

If M TCM M is called a torsion module M iscalled torsionfree if TIM 0

Proof Step I Show TCMI is a subgroup

If XE TM a ER at o s t a x o thisimpliesthat

a x a x 0 X ETCM OETM is obvious

If x.yEㄒM thereexist nonzero aib ER suchthat a x b.y 0 Set

siiiiǎiǎiiiiiiǐǎiiéii
0 Propertyofintegraldomain

Since X E TMI bER btost.ba x 0 This implierthatb.lax
a bx a.o 0 a x E TM

4 If G isfiniteAbeliangroup whenregarded as Z module we have TG G

Proof Since all elements in finitegroup are offiniteorder
5 For vectorspace V whenregarded as FIKI moduleforsomelinearmap k V V wehave

T V V

Proof Suppose dimV d for v E V if v E Kerk To 0 VET V



If v Kerk v Tv Tdo Tdtlv mustbelinear dependent there exist nonzero
αo α αat such that Σi αi T I o 0 meaning p T ZixiTI o and

PCT v 0 Thus v ET V

Def.I4 Ifnonzero RmoduleM onlyhave submodules 0 andM M iscalled a simplemodule

or irreduciblemodule

Let M be an R module SER be a subsetofR X EM a subsetofM thenwe define

S linear combinationsof X as

S'X zisixi.si ES XiEM

Prop1.2 Let X EM be a subsetof R module M then RX is submodule ofM called

submodulegeneratedbyX anddenoted as X

Prop1.3 For X E M RX X AxEN Nsubmodle N

Proof Step I RX AxEN Nsubmodle N sinie X EN RX EN

Step2 AxEN Nsubmodle NE RX since RX is a submodule andXERX

Def 1.5 If M RX X is calledthesetofgeneratorsofM If X is finite and

RX M M is calledfinitelygenerated If M x M is called a cyclicmodule

Ref I 6 Let Nil IE Ii be a familyofsubmodules ofM we define

ZiEIN i UiE I Ni yi t tyiklyijENij.ir j E I
DEI 7 Let K be a submodule ofM consider the coset

M K Xt KI x EM
Theaddition is defined as x K ytkl x y K the scalarproduct
isdefined as a cxtk axtk Then Mk is a module called quotientmodule


