Chapter 1 Module

1.1 Exercise

14 Let N,K be submodules of R module M, we dfi
(NV:k) ={aeR)ak c N} .
() Prove that (N:K) is an idee of R.
Proof. Srep 1. Jhow (N:k) is a rabyrou.p
Suppose 0. b €N:k), then ak SN, bk SN, For any kek, ak bhe NV, thu
Rhk-bk = @-b).-k €N = 0-beW:Kk),
Step. Show R-(N:K) & (v:K)
For reR ond a e (N:K), we hae roa-K rN N
@ A speciu/ ase is Am(M) = (0:M) = fbeR Ibx =0, xeM}, cald ennihilutor of M. For an /ded C
of R, if ¢ ShnCM), slw zhat (atC)-x :=ax makes M an Rfc modie.
Proo)(. Step 1. Slow the (@+C) % IS well-defined.
If a,b € atd, a-bedchAmM), ©-b)x =0. Th ax=bx.
Stepl. The axioms of module s <oy 0 check.
15 Prove the following

() Amn(N+K) = Aan (V) N AmnCK)

(@ (N:K)= Ann{( K+N)/N)

proof. ) “Amn (N+K) S AmN) A AnCK)”
For o€ fAnmn (Nt K) o (N+*KY =0 . Since WV, K S MK, aN =a-K=o0,
Thus a € Ann(N) | A CK)

“ A N Ann () S Amn (NAFK)

For O quh tht aV=0-F =0, we hwe O CxtY)=o for ol xel
and Ye k.

@) Motice Ann((krn)/w) =]0ER]| O-X

il

0 VXe(K+tN)/IN], whre & = x+ N
ond o = xT% = ax+N.

“W:E) & Anm (CVME) )" - Fr a € W:E), QK SN We pawe a-k
= ax + [V, X=Y tY, with 4,6k Y. €N oxeN



AR v) = NGET D e o AmCMEN) , o =5
ol XeWIN. L[t X =8 +d  with Y€k ad fe N, e fue
ey +ay, EN = ayenN for oll Y ek,
17 When R is mot an iteged domein, gie an example of modde M whse TN /s not a sibmodde.
Solution. Consider R=M=2Z =10,1,2, 3, 4,5}, Tim ={0,2,3.43. 2¢3=5¢ TM), 7hus
TM) is not o submodule.
110 Proe that nonzero modde is simple iff M is generated by arbtmy  nonzero element %, wiz, M=C%).
Proof. “=": Tehe an oxrmeM, Rimy = (m s o sbmoduk of M, the /N is srpl,
(M0 we hwe (M) =M,
‘E" lupoe MEO  guerate M, ie. M=un). If 0#N Is o Sbmdie of
M=um) | thre is ne /N and nN£0. Sine neM, we oo Awke Cnr1=m bj AsGumption,
Ths YENEM =cn), N=M.



