
Chapter 1 Module 

1.2 Exercise 

2 I LetMbean R module provethatthefollowing statements are equivalent

1 M o

2 Forany R module N there is unique modulemapfrom N to M

131 For any R moduleN thereisuniquemodulemapfrom M to N

Proof Thisis toprovezeromodule is a zero obect viz it's initialandterminal

11 121 i obvious

121 111 Suppose M 0 Take N M id M M and o M M are different module mps
thus we arrive at a contradiction

131 obvious

131 III similar as 121 111

2.2 Prove the equivalenceoffollowingstatements

Il M is simple module

2 Anynonzero modulemap M N is monomorphism

3 Anynonzero modulemap N M is epimorphism

Proof I 2 If f M N is not monomorphic Kerf willbe a nonzero submodule of M thus

a contradiction

21 11 Suppose M is notsimpleandN is a submodule 0 M Thenquotient map
9 M MIN ha ker9 N thui not monomorphit we arrive at a contradiction

11 131 similar to III 121

131 III Suppose M is notsimple NEM N to Nas M is a modulemap but

it's not epimorphic

2.3 ISchun'slemma IfM N aresimple modules thenanynonzeromodulemapfrom M to N is an isomorphism

If M is simple thenEndRCM HomR M M isadivisionring

Proof Tisis aresultof Exercise2.2
2.4 Formodulemap f M N

1 If f ismonomorphism thenAnnM AnnN

12 Iff isepimorphism then AnnMI AnnN



Proof I Formonomorphism MrtsN If reAnnN r.N o.fr any m EM form n fam o

Tus rm Ekerf o thus nEAnnM

2 Fr epimorphism Mt N if rEAnnCM foranyn EN thereis me Mst.fi min

r.in r.fm fcnml 0 Sime n is arbitrary we see r EAnn N

2.5 Let f M N be anepimorphism and k be a submoduleofM Show

11 If knkerf 0 then flk k N ismonomorphic

27 If kt Kerf M then fk K N isepimorphic

Proof I Ken flk knkerf

12 Useisomorphismtheorem AtBl B E AlARB

Here f M N is epimorphic.NEMlkenf.definequotient map

qMlkerf N Sinie M k Kenf Mlkerf ktkerf kevf kkknkerf EN

2.6 Prove thatfor Rmodule M wehave R module isomorphism HomR R M EM

Pouf Define a map I HomiR M M f 1 511 It satisfies Icftg1 Icflt I g and4irfl

r4cfl Thu I is a modulemap
Setf111 m foranymEM for fir.tl r.fiIl n.m f is a modulemap thus fEHompiR.li
Thismeansthat I is surjective

Ker I 0 is clear

2.7 LetA be a Z module Fr Z module Zm Z m2 Ō I mi prove
111 Homz Em A EAlmI aEA l m a o

121 Use III to showthat Homx Em In7 Timing where cm.nl gadamni

Proof I Define module map I f 1 fi Il Ccheck it byyourself Sine m.fiIl fcm.I1 o
Im IEA EmI Forany x EAlmI we define g I x it's clearthatgx is in HomeEmA
Thisimplies AImI ImI

TshowkerE 0 consider fEker I f I o thisimplies f k fck.Ii k.fiI o Thus f o

2 Weneedto show aEZu l ma o 女m.nl Let d gcdim.nl and n n i d Wesee

lō ni 2n d 1i.nl
is annihilated via theaction of m Since m mid m kn mik.n

Theabove module is isomorphic to Zim n

Notile m m d n nd and me n coprime For mā ō we have n ma



Thus nidlmida thisimplies nilmia since n t m we have n.la

2.8 Determine Home 区 En Home En 2 Homz Q 2 Home女 1 andtomeQ

1 HomeCE Znl E En by Exercise 267

2 Homz En 2 E 0 by Exercise2.71

31Homz Q Z 0

For f EHomz Q 区 f is an Abeliangroup homomorphism Consider ImfZ suppose that

n is the smallest positiven integer in Imf There is E E st.fi主1 n

Tis ipliesthat fi It t ti It fc I l n Let f l m we hate2m n

mmustbesmaller than n This is a contradition

41Homz E Qi E Q by exercise 2.6

15 HomZLQ 1 EQ

By41 Q Home Z Q we only need toshow HomeCQQ1 EHomz Z

Define I Homx QQ Home区 Q by restriction off Q Q to flz 2
Ker4 0 If Icfl flz 0 f I 0 Thisimpliesthat t.fi主 f s s.fi1 o

Thus f 0

ImI Home女 Q Forany gEHome Z Q definegi主 qs.tt q gcs Weneed to

Showg HomeQ Q gl主 t告 gcbtiat tb.glsbtat tblbgsittg.az tgcsitjgca

G主 g告
2.9 Let M N be女module AnnM mZ AnnN n区 AnnHomeM N dE Pore that

ddivides gcdcm.nl Reiallthat女 is PID everyidealisgeneratedby a singleelement

Proof Weneed toshow gldcm.nl Am Home M N 7 Sime there exist a be such that

gcdim.nl amtbn Forany f EHomz M N we have camtbnlfcxi amfcxitbnfixi

fcamxztbnfcxl.amEAnncMlimplielamxo.bnEAnnlNlimplielthatbnfcxi o.is

amtbnlfcxi o for all x Since f isarbitrary we see gcdcm.nl AnnHomz M N

210 Let R be an integraldomain

I For R modulemap f M N provethat flTMl ET N with TIM and TcN beingtorsion

submodules This mean the restriction ft TIMI TNI is modulemap
121 If o K M 8 N exalt then o TKI EsTCMIt'sTCM exat

31Give a counterexamplethat TMI e TINI 0 is not exalt evenwhen MtN o exalt



Poot 17 If x E TCM Annlxi 0 r E R st nx 0 Thus r.fixi tarxi 0 implies

fixI ET N
27 Step I Ker fT Kert n T K 0 sinie Kerf 0

Step2 Show ImfT Ker9T KergnTCM Imf n TCM

For any m E ImfATCM o r E R st rm o and k E k st

fckl m Then r fckl for.kl o Sinie ker f o r.k o k ETCK

Tismeans Imf ATM Im fi The otherdirection is obvious

3 For Z 97 2 62 7 0 TZ 0 T261 26
ㄒ区I TL区621 0 it not exalt

2.12 117 If O A B C 一一 o

o c 9 p E o are exalt then

A 一一7 B P E 0 is exalt

21 Every exart seguenie can be composedfrom short exact sequencesfrom Il

Proof

A4 BE c D 4
E o

Imf C thus Im gf Ker4

Kerg o thus kergf f o g101 f 101 kerf Im 4

2.13


