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Definitionandpropertyofmodulehomomorphism
Hom set HomMM'I

Isomorphism theoremofmodules

Exact sequence

Shortfirelemma fivelemma snake lemma

I Modulehomomorphism

Izef2 I Amap f M M betweentwo Rmodules are called modue homomorphism if
1 fcxty f x f y x.y EM
2 fcaxl a.fix aER XEM

Or equivalently fcaxtby afexit bfly a bER x.y EM

Def2.2 Module homomorphism f M M is called

I Monomorphism if f is injective
2 Epimorphism iff issurjective
3 Isomorphism iff is bijective In thiscase MandM are calledisomorphic ME M

E.g Forsubmodule KEM N M M F x 1 x ̅ x K is epimorphism it's called

canonical homomorphism

Ref2.3 For R modulehomomorphis f M M

I Kerf xEMI fix o f 0
2 Imf fXEM'I XEM
3 Cokerf M Imf
4 Coimf M kerf
YouneedtocheckthanKerfandImf are submodules

Pp 2 I Fr module homomorphism f M M we have thefollowing equivalent
statements

I f is monomorphism
2 Kerf o



3 For any R module K andmodule homomorphisms 9h k M fg fh g h Namely

f canbecancelled fromtheleft
生 Forany Rmodule K andmodulehomomorphism g k M fg 0 g o

Pig2.2 Let f M M be a Rmodule homomorphism thenthefollowing statements ar equivalent
I f is epimorphism
2 Imf M

3 Forany Rmodule K andmodulehomomorphism 9h M k gf hf g h
壬 ForanyRmodule k andmodule homomorphism g M k gf o g

o.pt2.3 LetM M beRmodules f M M be a modulehomomorphism then f is isomorphic if
therearegh M M suchthat fg Inn and hf Ian In thiscase g h and it's Rmodule

homomorphism

I HomM.M as amodule

Ref Let M M bemodules HomCMM isdefined as setofallmodule homomorphismsbetweenMan
M Theaddition ft g is defined as ftg x fcxitgcxiforall xEM Thescalar product
isdefined as ca.ficxi afix aER xEM ThismakesHom M M a Rmodule

When M M wealso set EndM HomM.M EndM isalso a ringwithmultiplication defined

by compositionofmaps Noticethat compositionbilinear aftbg h afhtbgh hcaftbg ahftbl

I Isomorphismtheorem

I 2.4 Let fM M andgM Nbemotulehomornorphis.ms andgM N isepimorphismsuchthatKergke

Thenthere is uniqueh M M suchthat f hg
M t M

八

h
9

i N

Moreover Kerh gckerf Imh Inf Thus his monomorphism iff kerg Kerf his

epimorphism if f is epimorphism



Proof For n EN sinie g Ms N is epimorphism there is mEMS.t.gem 12

We set hunt femi it's clear that f hg But we need to show his well

defined Suppose that in m s t.gem gem1 n.gemm'i o mm'Eker9 kent
Thisimplies fimi fcm Thus hcm hem his weldefined

Toshow his modulehomomorphism for n nz EN m meEM St gemI 12 gim27 122

hcamitbmz fiamitbmzl afimntbfcmzz ahcn.itbhcnz

Thin2.5 I Let f be a Rmodulehomomorphism then M Ker f E Inf
2 Let KEN bothbesubmodulesofM then MINE M K N K
3 Let k N besubmodules ofM then N K K E N NnK

Proof I Set N Mkerf g M N as canonical quotientmap and f M Imf
Thm2.4directly implierthat there is a isomorphism h N Imf
2 Define f Mlk MIN xtk 1 x N Since KEN x K X K

impliei x_x E k N Thus xt N x'tN f iswelldefined It's alsoclearthat f is
module homomorphism Kerf N k Imf MN Thur I implies Imf MK N k

3 Define f N Ntk K x 1 xtk use I

Goro2.6 LetfM Mbeepimorphism then

N1 fN fMI xEN

N f N XEMIfcxiEN
establisha onetoonecorrespondencebeween submodulesofMthatcontainKerfandsubmodulesofM

1和 2.7 R moduleMis acyclic module if M is isomorphic to a quotient of RmoduleR If x
is a generator ofM then ME RAnnax M is simple if Annpcxl is a maximalideal

Proof First statement

Suppose M is cyclic viz M x Then we define R modulemap
P r rx

It'sclearthat p is epimorphism Kerp rE Rl rx o AnnR X Fromthm2.5

M Imp R kerp RAnnR X

Let Ia R bean ideal then RII I n r t I l r E R is a quotientmodule
Notice that R I I i.e RII is cyclic



Secondstatement

Mis simple suppose AnnRcx isnotmaximalideal therewillbe an idealAnnREI M
Thismeans RII is a submodule of RAnnR x This is a contradiction Corollary2.6

Similarly based on Corollary2.6

IV Exactsequences

If 2.4 Consider R module homomophism
M f M 9 M

If Imf Kerg we call f andg are exact at M For a finite or infinite
tntsMn_n 一加 Mn Mutt

if for every Mn Imfn Kerfntl we call it an exact sequence
Prp28 I 0 Mts N is exact if f is monomorphism

2 MEN 0 is exact if f is epimorphism
3 0 M SN so.is exact if f is isomorphism

Bydefinitionofkerf and Cokerf thefollowing seguenie is exalt
0 kerf is M N Cokerf o

Similary f is monomorphic iff thefollowing sequente is exact
0 MEN Is Cokerf o

f is epimorphic if the following sequence is exact
0 kerf M N o

Tefollowing exalt segueme is called a short exact sequence

0 kctsM N o

Wecantreat K as a submoduleofM and N a quotient module of M Tis short exalt seguen

is also called an extensionofN via k
Lemma2.9 Shortfivelemma Considerthefollowing commutativediagramof R module homomorphisms

f gO K M N o

必 i_
Twohorizontalsequences are assumed tobeexact then



9
1 If α t are monomorphismsthen β is also monomorphism
2 If α 8 are epimorphismithenβ is also epimorphism
3 If x fare isomorphisms thenβ is also isomorphism

Proof Diagramchasing

I WeneedtoshowthatKerβ 03 Suppose m EM st βm 0 we needtoshow m 0

fgcmi g'βcm g 101 0

Sinner is monomorphic gem 0 Tus m E Kerg Imf kEkst.fi k m

f文k βflkl βcm1 0
Sine f is monomorphic xckl 0 α is also monomorphic thus m 0

2 Fr m'EM we needto showthat thereis x E Mst βcxi m

Let m EM gem't EN Sinie f is epimorphic there is n EN st gim1 ten Since

g is epimorphic there is m EM st.gem n Then we have

gim rcnl fgcml g'βcm

Tus βml m Eker g Imf k'E k st fck βim m fine α is epimorphis

REK st αLkl k Take m fckl EM we have

βm fk1 βLml一βflkl
Noticethat βfk f'α k f 1k1 βm m thus

βm fiki βem 一βf k m

This means β is epimorphic

3 This is a resultof I and2
Lemma 2.10 five lemma Consider thefollowing commutative diagram with exact row

A t B 52s C f sD fa E

α β t f E

Ǎ g B g ǎ g4 Ě
I If α is epimorphismandβ f are monomorphism then t is monomorphic

2 If E is monomorphismandβ f are epimorphismsthen t is epimorphic
3 Ifα β f E areisomorphisms then t is isomorphism Ifβ rare isomorphisms α is epimorphism
andE ismonomorphism then t is isomorphism



Proof Thiscanbederivedfromsnakelemma It canalso beprovedbydiagram chasing

Lemma 2 II Snake lemma Considerthefollowing commutative diagram 1blankoneI

Kerα Kerβ kert
1 1 1
A tsB9c s.es o f

cont.α_点 点

where two rows are exact then there exist R module connecting homomorphism

f Ker t Coker α

suih that thefollowing sequence is exact

Kerα Kerβ Kerr 8sCokerα Cokerβ Coker t

If f is monomorphism then so is Ker α Kerβ and if g is epimorphism thenso
is Cokerβ Cokerr


