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DefinitionandExamples

Propertiesand applications

I Definitionandexamples

Def壬 I Let X be a subset of Rmodule M if foranyfinite xi了ii EX and ai ER we have

E.inaixi o a a an o

Then X is calledlinearly independent

If XcangenerateM and X is linearly independent X iscalled a basisof M
If Mhas abasis thenM iscalled a freemodule

Example Every vectorspace finiteon inifinitedimensional has a basis thustheyare allfreemodules

Ty toprove it youwillneed to use Zorn's lemma

Example Free Zmodules are freeAbeliangroup

Pep壬I V is free Rmodule if V is innerdirectsumsof its cyclic submodules V iEI Vi each

Vi is cyclicand Vi ER Cyclicmodule M RAnnix is free iff Annx 0 M x ER

Proof Since V is freemodule suppose x is a basis of V foreach x E X define
Vxi x Rx

Since X is linearly independent Ann x 0 Tus K RAnnex R Prop2.7

ZxexVx V VxA Ry x Vy o

Thus V x_x VX

Suppose Vi x i Rxi Let X x il weneed to show X is a basis

V X is clear

Zirixi 0 rixi 0 for all i zerohas unique decomposition in directsum

But Vi E RAnnexi R We see Annlxi 0 Thun ri 0

Prop4.2 Let Vbe a freemodule thereexists a set X and setmap x V such

thatfor any module M and set map f x M thereexists uniquemodulemap x ̅ V 八
suchthat f f l
Diagramatically



L sVcf.ee

f yi产 f
Proof Choose X as basisofV define Flzrixi rifcxi
Prop 43 Any R module is a quotient moduleof a freemodule f Mis finitely generated then
M is quotientmodule offinitelygeneratedfreemodule

Proof Let X be a generating set ofM always exists since we can choose X M when Mis

finitelygenerated then Xcanbechosen as a finite set

Set free module V x_x Rx withcyclicmoduleRx ER andgxis thegenerating element

Define Lexi gx then we obtain a map L X V

Let f x M be embedding map Then byprop 4.2 wehavemodulemapF V M
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R.ttM
Since x fX1 F V and M RX Wesee M FV F is surjective

Prop4.4 Let f M N bemoduleepimorphism Vbe a free module h V N be a model

map Then thereexists a notnecessarily uniquemodule map hi Vs M such that h f i
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proof Choose a basis X of V.li Xcsr be embedding Since f MsN is surjective
Forany xEX we could find a mxEM such that fcmxi h ix Define

g x M x mx

Thenbyprop4.2 we havecommutativediagram

X L

svgxn.ing

Notice9 is a modulemap and fgcx hcxl we have fg l h l Since X is basis gl can



beextendedinto a modulemaph

Tm4.5 Let Vbe a finitelygeneratedfreemodule then allbasesofVhavethesamenumber at
elements

Proof This is thesame as thatforvectorspare
Jef4.2 Let R be a commutative ring V is a finitelygenerated free module then we callthe

numberof elernents in basis X as the rankof V denotes rk V

Remark I Any freemodule V with rkw n is isomorphic to ReneeR
2 HomRCRm Rn E Mnm R nxm matrices as additivegroup

3 HomR R R EMnCRI as ring
不op壬6 When R is a PID V is a free R modulewith rkcU n Thenanysubmodule

N are freemodule and rkLN n Alsoholdsfor infiniterankmodules


