Chapter 1 Module
§1.4 Free Modules

o Definition and Examples.
o properties and opplications.
(D) Definition ond examples
Def. 44 Let X be o subset of R modde M, if for oy finie {1i}Z X ond Qi €R, we fwe
M % =0 = zO= = OQnzo.
Then X is alled /ineqrfy independent .
I X can generote M ond X is Linearly indoperdent, X is called a busis of M.
H M hos o basic, then M i alled o free module.
Example . Every vector spuue Cfinite or inifinite dimensionnl) fos o busis, thu they ore ell free modulet.
(Tn’j to pove it, you will reed to ue Zows lemma).
Exomple. Free Z modales wre free Abekion group.
prop &1V is fre R 7710 dlale i'ﬂ' V is imer direct Qs of s f/c/ic submodules: V= Biex Vi, easth
Viis qdic and Vi 2R (Gdic moddle M 2R/pme i free Hf Amin=o, M =<x> =R.)
proof. =" S V is free modde suppeie X is @ buis of V, for ewh xe X, define
Ixi= <x> = Ra.
Sine. X is Jinearly indopendent. , Amy=0. 7 Ve % R/Amm =R (py27).
Diaex V=V & Ve (Dygy W) =0
Thus V= Dxex Vx.
=" fuppox V= <xi> = Rai. et X={x} we meed 40 thw X is o bavis.
OV=<X> is char.
@ Tirxi=0 =P nxi=0 fer b i (zero hos wnigue decomrm.'t.bn in diret sww),
Bes Vi ¥ R/fmxi) =R . We see AwmX)=o. Thw ri=o.
prpsa. [et V be o free modde, there exists a set X a1d b map L X — V sk
thot for oy modde M ond set map fix—M, there exists unijue mmodule map f: /oM

swh that  £=FL.
Dingramatiwlly ;
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Provf.  Choose X as busis of I/, define Flarmxir = re foxo .

Prop. 43 Any R modile is a quotient modde of a free modle. IF M ix finively generacted,, then
M is quotrent modile of finitely generased free madule.

proof. Let X be a generating set of M (aluogs exists, shce we can Choose X =D, when M 21
finitely generoted, thn X con be dhosen as a finite cet.
fet free modale /= @xex Rx with ‘c]cl.z mole Rx 2R ond §x IS the germting clment.
Define  lix) =Jx, then we obtain a map L X > V.
let f:xe>M be onbedding map.  Then /7(7 prop 42, we hove modile map f:V/—> M .
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fime X =FX) S FW) ond M= RX, We see MsFdU). F is surjective.

[}0,)4__4-_, Let fm=N be module %oi/norpﬁi:m B Vibe a free mdude, h: V>N be a modile
mop. Then there exits o not necessarily  untjee module map E: VoM suh thae h=£F.
M —>N —o

Pmﬂ—f'. Chiote @ buuis X o»f V. (:Xeo V ke eméedd/ry Jine f M= is .ruy‘ecf:'ue,
For om X€X we wdd find o maeM suh that Fmer = hex). Pefine
c‘]: XM, xomy.

Then :567 prop 4.2, uwe e  commukative c{iaﬁmm:
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Motie J is @ modde mop and FFex) zhex) , o hwe FT L = A[. Snce X is busis, JL an



te exwned imo 0. modde map h.

7hm 45. let V be a finitely generated froe modde, -then ol boses of V hove the same mumber af—
elements

Proof. This is the swme os thut for vector space.

Def. 42 let R be o commutative ring , Vis a fmife{g jzenemted free module | then we cadl the
hium ber- &f elenents in bosis X os the ronk of V, denotes e (V).

Remark. 1. Any free module V with rkw) =n s isomorphic to R -8F
n

2. HomR™ R = Mp, (R =1 nxm marices} o1 odditive group.
3. Homg (R') R'> = Mn(R) as ving
Prop 4.6 When R is o PLD, V is a free R modde wiwh rhel) =n. 7hn oy Submodde
N are fee modude snd  RCN) =n. (Ao holds for infnite rank. moddes ).



