Chapter 1 Module

§1.5 Hom and Projective Modules
s Hom functor
» Definition of projective modudes
* Propertias of projective module
o Dusl modules
@) Hom functor
let Mod o the category of left R modues , recoll that Homg CM,N) js @ module . 7hfs means
that we can ingrodue #wo functor
M) For ME pMad, Homg (M, ) iS o funtor from pMod +o Mod
Olg‘wcs: A — Homg (M, A)
Mu{m: (A 2, B) — (HomgM, A i Hom{ M, B))

AS—B

5-=H°R-, = Jx
“T%m‘ " Me(M, )= §

@ Fr NE€M, Hom(e , N) is o ontrevarint functor from (Mod to pMod
Objects : A — Homg CA . N)
mupe (A —J}—>B) —> ( Hom(B,/N) i—> Hom (A, N ))
N

WT}[ f=tome o, n) ="

A—g—0
pop 51, The smpeene o_»Aia 85 C s exet iff for oy MEMd, e
sguene 0 —> fHoml M, A) — Home (M, BJ—8—> tHom (M, C) is exat.
Proof. ‘D" F s monomorthQ
S‘uFPos,e h € Ko £, then 5&_(/1) :-fh =0. Jne fis mol)omarf i, e see

h=o0.
® Inf = kerd. Sime §f=o, we hwe JFch) = gfh =o.



® Kerd S Inf. Jupoe h € ker§, Jth)=gh=o. Thu Inh < Kerj=Inf.
Sine F is monomor/o})-‘c, it hot inverse on Inf. s f7h is well-defined in
Hom M A) . Thuy h =Fif7h) € Im§. (Notie thet you need +o show f:In$ > A s
o modde map. Infat f by two-side imwerse on Inf.)
“=" 0 kef=0. Take M=karf, ond i: Kerf =>4 be inclusion, then £(i) =fi =0 imly
i=0. Jhus kerf =o.
® §f=0: Take M=A, gf = 3fida = JF cidp) = 0 Cidy) =o0.
® kerj = Inf: Take M= ker], J ker§es B be inchuion. J4) = JJ = 0. Thy
J€ ker] =1Imf. Thee exias he Homlke§, A) suh ot J =FCh) = fh. 7hi inphe
thet V¥ xe ko, T hreA st. x=jxi =fthoo), thy ke § = Inf
Pop 52 The apene A—2B—Ioc—0 s eaur f for oy Romodie N, the fdbwig
0 — Hamacd,ny 4o Homg CB, N) = Homg (A, )

is exact.

Proof. "=>" @ Ker§ =0, Su_ﬁ)o{-e he Ker §, then h9=0. fis epic = h=o.
® fi=o. For any heHmgcl, k), §§h= hif = heo =o0
® kerf CInG. hr he brf, Fhr=o = hf =0. 78 AlInf)=o
From exoutiress ef Ai>l3 §~>c——>o, hiker)) =0. i /m/o/;ef
Kor § < Ker . ﬂmmgeeJ-t—owe Prop 24

B—= ssC

\?m(
RN v

N

tere exits o wijue K S Hom{C.N) st h=h) = §).
" 0 In) =C. Bhe N=C/m),we hue Keo) =0. But guotient mop
g ¢o N suisfia i) =9y =0 T g=o, Cmg =0, Ing=c.
® Inf Skerd  Take N=¢ FICie) =0 inphey gf=0. Ty Inf<kerd.
® kerj SInf. mbke N=8am§ ¢: B Blmf € Hm(B, /).

9c kor F=Im Y.  Thus thae is f & Hom(C,N) swh +hot Fehr = 2.
/zf):Z, kgp?:lm-f-,]-—orlmg 'xckwﬁ, Ag(X)-:O:ZU‘):?’XGIm:G‘



Pﬁ’ﬁ 53 7k ﬁ/fauind Statement] ore eswivalent :

W o—A .8 > C » 0 s gplit exaut

Z5) f;ranJR/noddeN\

—

o—> A%MR(M,A) L>t%»‘m,L/V\.B) E >H0'qzC/VI,C)—>o

28 sr/it exaut .
& Fo any R module N
0 — Home (C ,N) ¥, HomL B, N) ¥ Home (A N) — 0
is Splil exut .
Proof. (1) =P ). We need + shw the sefuome s o and sphit.

Oprop 51 guaramtzes the exautney of
o — Hom, (M, A) —;—> Homip (M, B) j—z« Hom (M, ¢) .
We need + show chot G ir epic. Sine § has asection §  such het
gs =ie. For oy heHmEM,C) we define h'e Home (M, B) o Kemyi=shom).
Then JRtm) = homy . 7his mesm Zhaz 3 is surjective.
O % dou the wmyusne js spht, we need to chw J is plit. Sne g i phe, it
hos seckion S:C—>B st §s=idg. This implies JE =1id.
@ => @ : We need 0 Show the Sxauteds  and s_E/_m__nee;
Pop 5.1 Juaramtees the exaltness of-
o—> A—=5 B I Q.

T Show g is efic. take Mzd, consider the exabines of
Homg (C | B ) 3, Homecd , &> — o
Jis epic. For e € Homp (&, &), there it exipt £ € Homp e, B)
Such thet Jes) = 9s = id. This impliej g is s)pli-t epic .
() =D 3). Exattness + Splitness .
Prop 52 uarntest O Home (C, N) —g% Homg (B, N) é% Hom A .N) is
exatr. To Show it is phit exam, we swol/ reed to ohow F fat o seetion.

Sine {1 Sl)lit movi(, 7t hoy @ retraction h—} id. lomsider
h: HomLA ,N) —> HomB.N).



~ NV

Soh = id.
@=>@. Exotrress + Splttness

We on/J med to Sow F fos a retration.

(D) Rrojective modde.
Recall thet for free modde V and a eFimorI)hism FMoN, we hene ommpotive

d?ogrm: M 5 > N — 0o

i h
%

This meouns f: FHome CV; M) —> Homg (I, NY —> 0 is exact.

Does all modue secttsfy thi's leoerty 2 No! But projestie module.  fos #hp Propety-

o Bgeive modde A € pMod & Home (A, *) 15 exact
* Injective module Ae (Mod & Homy+ ) A) is exart,
o Flat modde A c Moda & AR »  is exat.
Def. 5. Let P be a R modde, if for o epic §:B—>C oand modle  map

h:P—=>C, there exicts N:P—=>B suh +hat A=gh', the P is talled projectice.
J,

C > Q

T 54. All free modues ore projestive modules.
Preof. Thx is o rewdt of prop k4.
Corolloxy. 5.5. Anﬂ R modie Is o guotient modde of some projective modde.
Thm 5.6. The folbuing stasernents ore uivalent :
@) P s projective module -
® F §:8>C 5 opic, thr T: Fhma (PB) = Hbome (P, C) is epic.
) If the sejumte ©—>A 8 dsa 504 exest, then

0—> Homg CPiA) =5 Hompg (P, 8) 25 Hom( P, C) —> 0
1S <xout . /Va"'*‘jzj, Homg (P,<) is exar functor.



& T Sort exat sosuene

0—->Aé-> B—§—>l> —>o

is sFl\‘t eXdL  seFUence.

= Pis swnmand of wme free moduls. IVade, doy is a free modik V' and a
submodile K of V suh thor V=POk,
Proof. ) S 2) is obviows from definition,
D = ®: e oy need o chow J: Hom(P. 8) —> Homo CP.C) is epit, this /s
quorwteed by definition ef projectiie module.

i J
3) =P ;. Consider exwt 25‘410/\!6 Q—— kev*g cers BX>5C0— o} W See

3— is el:;c.
3 =W fince o—> A _S_> %] S>P —0 s Sxott |, «we houwe ech-neuo{’—

o —> Homg (P, A) 35 Home(P,B) —g——> Homg (P, P> — 0.

Gre G s opic , T he Hme BB st FCh) =idp =9h . 7hus g is

split. epimorphipm | the sagueme s sFch exast ( Splitting  lomma).
) = (5) s Supose P is quittent modde of fwee modde V') 8: V>0 is the gutret
map.  We obtuin on exott Sogueme

0 —> Kend s V—25P =0,
ThiS is Sfl'\’t exas , from s?I\‘kLwa lewwma V= P @ Ker .
® =b W Suppose there is free modile V' and iz submodde K Cwh het
V=PoOK

let Te: V—=>P be (ononicl projection and L:P <> V be canonical inckigion.
= POk

Sime V is free, thae edite a A st. 9K = hn. Lot K= R, it ic clar



et gh =9k = hwi = hidp = h.
Exp 5| Consider R=y = §08, 1, ---, T}, toke it§ sdomoddes kK =1{0,2,2} ¢ 7
od N={0,3y=2Z,, V=KoN, sne Vis free, thn K ard NV are pyecie,
prop 5.7 Let [Pilier be a fumilg of R moduos, then Oiecx P is projestive R module
:ﬁewn Pi s ij%tm,
Prof. “="  gbuiows
‘" for pro) ective. medules {Pilier congider

% sho) thot G =h, we meed +0 wie

(3
P) _'3_'9 @Jel P

Prop 5.8 The projectin modde over FID is free modile .
Pop 59 [For projective. module evor PID, rts submodde is pojective.
Prop® For PID D, fm'rrel‘j gmenased projeckivg mobilesy  sver DL, -+, am) o froe .

(L) Ded modile .

b 52 Lee M & Md, the dud moddle M*:= Homg (M,R), It MEM™, M
is ched reflexive .

7hm 50, Lt M ke o R modile.

@) Thawe oxicts o R module mop B: I\ — m**,
@ IF M is free, D is monic.



@ K Mis a free modde ond ronk(M) <409, the B i lomorphism.
Presf. 43 Define By: MF >R a8 > fw).

@ Supue @€ kerB and x=1%iVrex be buR of M, them =T rix:.

Defire wr mop F- X —> R, % —> {L x= 0%
0, %* %

we obttom o medile map §i by dicesr extansion. Thw Fi € M*.
For ony fem', w hme Barf) = f@ = Tir %) =0,
Run orer oll :Yier, we obtain i =0 for ull ;€I,

@  SGme pank. NL=n <t X={% %) s a bus of M. for am fem¥,
Lt §i e fxi) ond F'= TS € MY

Foy = Zr fad = TS = TS fL g nag).

his imphet  spam {4, ;o Fal = MY {0 F) B ol Binewly indepondac

7hus ronh. ¥ = rank M =n, t;e:} owe i&omorphi(-



