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Hornfunctor

Definitionofprojectivemodules
Propertiesof projectivemodule

Dualmodules

I Homfunctor

Let aModbe the categoryof left Rmodules recallthat HomR M N is a module Thismea

that we can introduce twofunctor

1 For ME RMod HomR M is a functor from RMod to RMod
Objects A HomR M A

Maps A 5 B HomR M AIEsHomEM B

A tsBF HomRlM.tl fh fi th
M

2 For N EM Hom N is a contravariant functorfrom RMod to RMod

Objects A 一 HomRCA N

maps A B1 1 Hom B N 5s HomLA N

flhlftilh F HomR f N1 f

A f1 3

prp 5.1 The sequene o A 5 B 9C is exact iff for any MERMod the

sequence 0 HomRCM Al 5 HomR M B 9 HomCMC is exact

Proof f is monomorphic

Suppose h E Ker f then f h fh 0 Sniefilmonomorphil.me see

h 0

InF kerg.fi nie gf o we havegfchl gfh 0



Kerg Imf Suppose htkerg gch1 gh 0 Thus Imh Kerg Imf
Sine f is monomorphic it hasinverse on Imf Tus th is welldefined in
HomRCMA Tus h fifth E Imf INoticethatyouneedto show f Imf A is

a modulemap Infaut f has twosideinverse on Imf
kerf 0 Take M kerf and i Kerfo_oA beinclusion then f l i l f i o impl

I 0 Thus Kerf o

gf 0 TakeM A gf gfidA gfcidA O idA 0

Kerg Imf Take M kerg j kergcsBbeinchesion.glj gj o Thus

jEkerg Imf Tereexists hEHomkKer9A suchthat j Fh fh Thisimpli

that x EKerg 王hexiEA st xjcxi fchixi thus kerg Imf

Prp5.2 Te seguenie A t sB 9 sC 30 is exact if forany RmoduleN thefollowing
0 sHomRCd.MG HomRCB NI J HomRCA N

is exact

Poof Ker9 0 Suppose hE Keng then hg 0 9 is epic h o

fg 0 Forany h E HomRCCNI fg h hg f ho o 0

kertEImg.FrhEKerf.fi hi 0 hf 0 Tue h Imf1 0

Fom exactness of A 5 B c 0 hckerg 0 Thisimplies

Kerg Kerh Then we need to use Prop24

13 9 s

h I Eh
there exists a unique h'EHomRcd N st h h'g gih1
Img C Take N C Img we have Kerg 0 But quotient map
q C N satisfies giql qg 0 Thus q 0 Cling 0 Img C

Inf Ekerg Take N C Igcidc 0implies gf 0 Tun ImfEkerg

Kerg Imf Take N BImf 9 B BImf HomiB N

9 kerf Img Thus there is h E HomId NI suchthat gihl 9
h9 9 Ker9 Imf Forany xE ker9 hgixi O Eㄨ 1 x E Imf



Pep5.3 T following statements are equivalent
1 0 一一 A t B 9 C 0 is split exalt

2 Forany R module M

HomR M A1
5 HomRLMB 9 HomiM C 0

issplit exalt

13 Forany RmoduleNOsHomR C N 5 sHomsB N IsHomRCA.MS0
is splitexalt

Proof 11 127 Weneed to show th segueme is exthe and

prop5.1 guaranteel the exactness of
0 HomRLM.AT 5 HomR Mi Bl Ts HomR M C

Weneed to show that g is epic Sine g has asection S such that

gs idc Forany hEHomEM d we defineh'EHomRIM B al him shim
Then glhim hcm Til mean thatg is surjective
T showthe sequence is split we need to show g is split in ie g issplit it
has section S C B s.t.gs idd This implied g5 id

21 1 We need to show the

ea_irereslandsplite.prop5.1 guarantees the exactness of
o A sB

9sd.TOshow g is epic take M C consider the exactness of
HomR d B1 5 HomRed d o

g is epic Fr idc E HomR d.CI theremust exist SEHomRCC BI
such that gcsl gs id This implies g is split epic

II 131 Exactness splitness

Prop52 guarantee 0 7 HomR C N E HomRCB N E HomCANI is
exat Toshow it isplit exalt we onlyneed to show F has a section
Sinie f is split monit it has a retraction hf id Consider

n HomeA Nl HomeB.M



Eh id

3 1 Exaltnest Splitnest

we onlyneed to show f has a netration

I Projective module

Recall thatforfreemodule Vand a epimorphism fi M N wehave commutative

diagram Ni
5
个1 20

zi
v

h

Til means f HomkCVM HomR V N 0 is exact

Does all module satisfy thisproperty No But projectivemodulehasthinproperty

Projective module A ERMod HomRIA is exact

Injectivemodule AERMod Homk A is exalt

Flat module A EModR A R is exalt

Ref 5 I Let P be a R module if forany epic g B C andmodule map
h P C there exists h P B such that high the P is called projective

B 9sc
soz.li
INI

Ihm5.4 All freemodules are projectivemodules

Poof This is a result ofprop生4
Coronary 5.5 Any R module is a quotient module of someprojectivemodule

T 5.6 T following statements are equivalent

II P is projectivemodule

2 If g B C is epic then g HomR P B HomR P C is epic
B If thesequence o A B 9 d 0 is exact then

0 HomRCPAl 5 HomR P BIJSHomkP.CI 0
is exact Namely HomR P is exalt functor



4 The short exact sequence

As BAP 0

is split exact sequence

5 P is summand of some free module Namely there is a freemodule and a

submodule K of V such that V P K

Proof 111 121 is obvious from definition

12 3 We onlyneed to show g HomkP BI HomR PC is epic this is

guaranteedbydefinition of projective module

3 2 Consider exaetsegwene 0 sKergcis B 9C 0 we see

g is epic
131 4 Since o A 5 B 97P o is exact we haveexactness of

HomRIPAl 5sHomR P B 9 HomR P P 0

Sine g is epic h E HomR R.B s.t.gl h idp gh Thus g is

split epimorphism the sequence is split exact Splitting lemma

出 5 Suppose P is quotient module offree module V g V P in thequotier

map Weobtain an exalt sequence

o skengc.is V s p o

This is split exart from splitting lemma V EP Keng
5 111 i Suppose there is free module V and its submodule K such that

V P K

Let T V P be canonical projection and l P V becanonicalinclusion

V P K

非
h p
h

Bn
g
d o

Sine V is free there exists a h s.t gh hㄤ Let h h'l it is clear



that gh gh'l h n l hoidp h

Exp 5 I Consider R V 9ō I 5 take its submodules K Ō之 4了 三

and N ō133 E Zz V K N sinie V is free then K and N are projective

Pe 5.7 Let4Pilie I be a familyof R modules then i EI Pi is projective R module

if every Pi is projective
Proof obvious

Fr projective modules Pil ie I consider

Pi

lj

hi JEIPJ

But
石showthat gh h we need to use

Pj 5 3 EI Pj

ghj ii
gī h

Pre 5.8 The projective module over PID is freemodule

Pre 5.9 Forprojectivemodule over PID its submodule is projective

Pret Fr PID D finitelygeneratedprojectivemodules over DEX xu are free

II Dualmodule

Rf 52 Let ME RMod thedual module Mt HomR MiR If ME Mtt M

iscalled reflexive

T 5.10 LetM be a R module

111 Thereexists a R module map 0 M M

2 If M is free O is monic



以 If M is a free module and rank M to the O is isomorphism
Proof 111 Define 0cal M R as ft fcal

27 Suppose a E keroand x Xi iez be basis of M then a I r i x i

Definesetmap fix R x 结成茙
we obtian a module map fi bylinear extension Thu fi E Mk

Fr any f EMt we have 0calf flat Zirifixil 0

Runover all f i i EI we obtain ri o for all i EI

137 Since rankM n ctn X xii.inn3isabasnefM.FranyfEMt
hetSiEfixi andf ZiSifiEMY

flat 2ri f xil 二 Ziri Si ZiSi fi RirjNj
Tis implies span f i i fn M f fnl is also linearlyindependent

Thus rankM rankM n they are isomorphic


