Chapter 1 Module
§1.6 Injective Modules
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(I) Injective module

For R module I, Hom(e.,I) is a contravariont functor :

N\‘—7 /'h”l(M)l)
m —-}éN)'—> Hom({ ., 1) =7
M s

fk Ft = b
§ 5 .

(59 = 8*0-_{*, G = pel) =hesre g =
ot 61 [et I be an R module, if fer any monomorlbhfsm f: A= B, ond modee

map h:A— 1, thre is rmchlz"w«r h:B>1 swh that A /ljf then L s
olled an injective module .
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Then 61 The fu[/muhﬂ stwlements 0re Eiuivalen-tz
w 1 is lrgwtiwl module .
@) lf T € Hom, &) is monic , then Hom CF, 1) = f’ =f¥ is epic,

® If o —AIseds cs0 s ot exan sepuwonce, then th fohowiny refuene

fs exots

iy *
o —> Hom (¢, 1> 9, Hom (8,1 ) —{f—> Hom A, 1> — o.

4)  Exeut ey o-—->I—t>Bi>c-—VO is sFIit.

Preof. ) & @: OGbrious,
®»w =2 ® : Pw[: 5.2 Juarantees che  ©xoaut ness cs—f
*
0 —> Hom (€, ) AR {Hom (B, I) 35 Hom ¢4, I).

The ol left purs is to shw f¥ is epic, this is guurewsed by osuumption .
J

@ = &) . Sine o——)liaB—>C—\ro exart , by awswmption

0o—> Hom((, 1) f_; Hom (8 ,1) 'i: Hom(I,1) >0 <_art

Sine ¥ Js epic, thee s A st. ff=dd: Thu Af=idz. £ is LP/it monic.
Fom glitling lemma, she sosuane is glit exaut-
@ =>a. To prow tﬁ:’s, we need come subsayww result: @any R module is o subnwedule
of an ijekive molle; @ MO N is injetive if M and W are injectie
Fom @, tee s on injestia  E swh thet T =>E we Auwe he flowin
exostr SC?W\.(/Q,
o —> IG%E—DL» Ef — o.

Bj asswmption , it s plit exut, vy E= L @EDT. Mo wig @, we see

1 s irgwtiue,.
Pop 62 For o finite fomily of R modales {MYsey , [T]<+teo,

ff M we injetive for @l 56T, NMhte dot pr infiuie T, shic does not held

Pjes Mj is ijetive



Prof . Mod 1o odditive axtegey, then finide divesws Swm s isomerphic to finite divect
prodack , we wil proe O morp W Wersion in  the nexe prop.

Prop 62 For index set T cnot necessan‘h finive), direx produx T[;ep My is injectine

i M s imjesive for ol e

Proof . ‘=" Suppose. M5'S e /'nj‘wt?M, we need to show Tlies Mj is injetive.
let Ty : Tey My —> My be auonical projestions.
Considem monomaf‘PhiS'm f: A=— B, fom(f, Mj) is epic for ad je T.
For g: A= Theg Mj , defire §5= 758 A= My, the mut et
g0 B—> M swh shart

o — A § '>IB
1, O 335 Ng=9f
Nr
My
Then  define §: B—> TheyMj & b+ ('§jcb>)5e_3, which 1s a R-module
map ond ngca.\ = (é:-(ftu')))\jej = (G J (v))5e3 = .
" M peed to  Show
TN
k:'/ 3 hlJ
Mj
Pefne  h: A—> Tjes My . @ Chj)eg , thee exsts hoex.
h= hot

Pefive. T\J = @my ;\L’, we ove done.
(@) Boer criverion ond its afp'fta,ﬁon-
Buary R module s o Guottent modde of o projectie modale,
f
Every R modde 15 a sbmodde of oOn injectie module .
Lemmu 63 CBoor criteriond . A lfr R mdde M i injesie ff every R moduls mop
$+:L—=M, whre TSR is an ideel, cn ke extended +o R.



proot. "DV Ths is ebviows, Sine inchusion L: TR ¢ moniC.
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We can Simpé, rsﬂard Inf the same ot A, i.e., wiing aeB to repregent
foye B We need to extend h to B.
let X ke the set of pairc (A) L) wher ACA SBad AA > M
extends h, menming /LI/A =h, Defme portial order
(A K) 4 SR S A‘eA”, Ka =R
Using - Zorn's lemma, <there mut exists a maximal elememnt (A., ho) m X.
I Ao =B, we ove done. Mow ostume A £B.
Thene 1S beB omd bé Ao.
Doafmo, LT=1reR: rbech) L is an idea) u:{)' R.
Define §: L — M o fcr) = ho CP-b), lv agumpbion this n extend +to
Roos £ R M. Now, defie A=A+ <b> ond hy A4 > M w
he(Qo + rbYi= he() + r:QN-CL).
This meant (Ai, he) € X ond  CALND) 7 (A, hod, which foads @ contradiction
of wwimu‘ita o Cho, hod.
Pef 62 Let R be an integml domain, D is R modd2, Tf for ony YeP, and 0o £NeR,
there Is XE&D fwh thet rxx =y , the D is celled divisible.

rework, This meat o#rcR , rrce) i D>D defwes o swrjeutine map -



Exomple 6-L. @® 15 duisible as @ Z module .

Exarple 62, B/Z s divisible 08 2 modale.

Exanple 63, Z is not divisible o Z modwle.

Popble Lot R ke on iﬂteﬂm‘ domain, then guotcemt of divisible module is diisible.
Prop 65 Let R be PID, then D is imetive Mf D is divisible.

Pop 66  Every obebion growp con embed im0 o divisible akofion group Cimestise

Z modde),
For commutatioe ving R and  obelian group A, Hmmz (R, A) is abelim group.
Define. R x Homy (R A —> Hmz (R, A)

try, £y —— rf: o = )
dhon Homp (R A) s o R module.
Lemma 67 Tf D is dissble obelian group, then Hom 5 CR, D) S injective R modude .
Theoram 6-8. Ema R modde cn embed into an ifjective R module .
prosf. » G M &€ gMod, it 1s an obebon growp , thy M € ZMod.
From prop 66 , M wn embed irto o divisible abedion group D, /Vle—:-‘; D .
Cnsidorr 0> M3> D in gMd, RE olod, we seo Hom CR. £ is
monic. © —> Hm (W) N Ho:v\z(&,o).
o Sine Homz (R\M) | Homy (R, D) ove both R modales, we meed to show Fe
is an R modile map, in hic woy , we obtain a R module embeddimg.
Frr r,aeR, &€& Hmgyz (R)M),
fecradIw) = Ferad) () = Fore den) = o xear) =(Fix)an
= (- $) v,
Thas fi 15 R mobale map.
¢ Notice Homg (R, M) S Hmo (RyM). As R modules
Homg (R,M) & Homg (R/M).
Bk uwl Rmow M 2 Hom (R, M), shy we hae Cin pflod )

M »=—> Homg (R, W) &—> Homz CRy M) LR Hom 5, (R, DD,

Sme D is dwisible, prap 65 guarmieeS  Hom 3 (R, D) is injeudtive .



