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III Injective module

For R module I Hom o I is a contravariant functor

M 1 Hom M I

M 5 N1I Homf I7 f or denoted as f
M
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Dt GI Let I be an R module if forany monomorphism f A B and module

map h A I there is modulemap n B I suchthat h if then I is

called an injective module
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thinG Thefollowing statements are equivalent

11 I is injective module

127 If f E HomCA BI is monic thenHom f I1 f ft is epic
31 If o Ats B_d c so is short exact sequence then th following sequence
is exact

o Hom C It Hom B I l fsHomiA.IT 0

141 Exact sequence o Its B 9 c o is split
Proof 111 21 obvious

2 3 Prop5.2 guarantees the exactness of
o HomC I1 Hom B I HomCA I

Theonlyleftpart is to show ft is epic this is guaranteed by assumption 27
31 41 Sine o Its B 8 C oexaet.by assumption

o HomCC I 我 HomCB I 与 HomeI I1 o exact

Since ft is epic there is hst.ftchl idI.Thushf idI.fi s splitnonic
Fromsplitting lemma the sequence issplit exact

41 111 Toprovethis we need somesubsequentresult any R module is a submodule

of an injective module M N is injective if M and N are injective

From there is an injective E such that I E we have the following
exact sequence

Isis E 9 E I 0

By assumption it is split exout thus EE I E I Nowusing we see

I is injective

Eop62 For a finitefamilyof R modules Miljeji.TK to i EJMi is injective

if Mj are injective for all j EJ Note that for infinite J this does not hold



Proof RMod is additive category then finitedirect sum is isomorphic to finitedirect
product we will prove a more general version in the next prop

Prop6.2 Forindex set J cnot necessarily finite direct product TjEJ Mj is injective

if Mj is injective for all j EJ
proof SupposeMj's are injective we need to show TjETMj is injective

Let Tj TiETMj Mj be canonical projections
Consider monomorphism f A as B Hom f Mj I is epic for all j EJ

Forg A TjEJMj define gj Tjog A Mj the must exist

gj B Mi such that
H f s B

A 王东 不g Gf9
ing

Then define g B Tie Mj as b 1 gsblljEJ which is a Rmodule
map and gf cal gcfcal7IJEJ CTy.gl all jej g a

We need to show

o A
f B

iii 1

Define h A TIJEJMJ.at Chjla ljej thereexistsh
et.h

nofDefinehjTLih we are done

Il Baer criterion and its application

Emery R module is a quotient module of a projectie module

I deal
Every R module is a submodule of an injectivemodule

Lemma6.3 Baercriterion A left R module M is injective if every R modulemap
f I M where I R is an ideal can beextended to R
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proof This is obvious sinie inclusion l I R is monic

T show M is injective consider

0 A f s B

i
Wecansimply regard Imf the same as A i.e using a EB to represent

fial E B Weneed to extend h to B
Let Xbe the set of pairs CA h when A EA Band h A M

extends h meaning h1A h Define a partialorder

A h'I A h I if A'EA h1A h

Using Zorn's lemma theremust exist a maximal element A ho in X

If Ao B we are done Now assume A B

There is bE B and b Ao

Define I r ER rb E Ao I is an ideal of R
Define f I M as far hocr.bz by assumption this can extend to
Ras F R M Now define A Aot b and hi A M as

hI lao t rb h.ca r ICI
This means Ai hi E X and CA hiI Ao ho which leads a contradictio

of maximality of Ao ho

If 6.2 Let R be an integral domain Dis R module If for any yEP and o r ER

there is XED such that rx y the D is calleddivisible
remark This means o r ER rrc D D defines a surjective map



Example 6 I.IQ is divisible as a 区 module

Example6.2 IQ Z is divisible as Z module

Example6.3 Z is not divisible as Z module

Rrop6.4 Let R be an integraldomain thenquotient of divisible module is divisible

Pre6.5 Let R be PID then D is injective iff D is divisible

Prp6.6 Every abelian group can embed into a divisible abelian gnoupcinjeeti.ee

Z module

For commutative ring R andabeliangroup A Homz R A is abelian group

Define R x Homz R A HomZ CR AI

n f l I rf a 1 fear

then HomeCR Al is a R module

Lemma6， 7 If D is divisible abelian group then HomeCR D is injective R module

Theorem6.8 Every R module can embed into an injective R module

Proof Give ME RMod it is an abelian group thus ME zMod

From prop6.6 M canembed into a divisible abelian group D MotsD
Consider o Mas D in eMod RE zMod we see Hom R f is

monic.co Homz R MI 为 HomiR DI
Since Homz R MI Home R D are both R modules we needto show f

is an R module map in thisway we obtain a R module embedding

For r a ER αE HomZ R M

If rα7I cal forα a fer αca f c αcar 7 f 1α1car

n.f 7 cal

Thus fx is R module map

Notice HomR R MI E HomZ RiM As R modules

HomR R M HomZ RiND

But we know ME Hom2 R M thus we have in RMod

ME HomR R MIC HomeCR MI
5
Home R D

Sime D isdivisible Drop6.7 guarantees HomZ R DI is injective


