
Chapter 1 Module 
§1.7 Tensor Product and Flat Modules 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Tensorproductofmodules
Flat modules

I Ensorproductofmodules over commutative ring
Df 7I Let A B be R module thefreemodule V is a free R modulegeneratedbyelements in
AxB Let k be a submodule of Vgenerated y the followingelements

at a b a b a b

a bt b'l a b a b

ra b 一 r ca bi

ca rb n ca b

where r ER a a'EA bb'EB The tensorproductof A B is defined as AQB V K

Andwe denote a b ca bit k 0 000

Exercise III Prove that is bilinear

21 Prove that 00b 0 a00 a b

3 Fr modules give examples to showthat there mayexist a o b o but aQb

Hint For Zmodule Em and En Em e ZN Zgcdimns.Whengcdtn.m1 1

Em a Zn 二 0

Def 7.2 Fon R modules A B C f i AXB C is called bilinear if
f at a bi fia bit fi a b
fcra bi r f ca b
fca btb'l fca bit fca
b'Iflarb rfca.bz

It is clear AxB AR is bilinear

Thm 7.1 Let A B be R module for any R module C and bilinear map f AxB C

there exists a unique R module map f AQRB C such that Jo0 f
This is lulled universal property of



ly of

A x B f C

f
AGB

The tensor product is determined up to an isomorphism

Proof This is easy try to prove it yyourself
Prop7.2 Let A B be R modules we have the following R module isomorphismsi

1 A R R E A RQRB E B

2 A
RBEBQRAPnaef.LI

Define f Ax R A can its na it is clear that fisbilinear.ly
universal property there is a linearmap 5AQRR A such that

fi a r1 flair l

We can alsodefine g A AQR a 1 a Q1 Sincegeneral element is

AQR is of the fam
zi Giani Σi riail I

Then gof ca 11 glal a QI meaning goF idAQR And fog idA is

clear Thus AQR A

Similarly we can pnoul RQRB B

21 Define bilinear map f AxB sBQRA.la by bea This indue

a R module map 5 AORB BQRA with fla bi

ba.similarlywe can obtain g BORA A RB with g bal aab

50g id gof id
Prop7.3 Let A B C be R modules then A RCBORd E AORB7ORC

Proof Prove it y yourself
Corollary 7.4 Let f A A g B B be R module maps thenthereexists unique R

module map AQRB A RB St for all aEA bEB we have

a b 1 fial gb
Wedenote this map as fog



1 g

Proof Consider bilinear map h AxBsA'QB'la.bit
sfialcxglbl.titindueeif

g.Remurk.ilcfcxgi.chcell fohl Igoll
421 f g i 5'091

Prop7.5 Let A B Ai Bi be R modules then
1 ie I Ai l O B IEICAIQBI
121 A R 1 i EI Bil 三 i EI LA Bil

Proof Exercise

Pop 7.6 Let A B C be R modules then

HomRCAQRB.CI Es Hom A HomRCBd

f 1 0 f at b flaxb

is a R module isomorphism RB and HomR B are ajoints
Proof Step I is welldefined dat

we need to shaothat f a cbǐātòiiiià R module map
Notice Ifl 1at a'l Fatal FatalCbi fccatall b7 fcaxbltfca'QbI

二 Fa bl t Fa bl

Similarly Fra nFa
Step 2 is R module map

5 5'7 cal 14f1 cf17 a

cuts both sides on b

Similarly nf l n f

Step 3 Define 4 HomRCA HomR B d Hom AQB C

g 41g1 a bts gia b

Repeat step 122 to show 4 is well defined and a Rmodule map

Step生 4 id 4.4 id

prop7.7 Let Vbe a free Rmodule X is basis ofV then anyelement in AQ V
can be uniquely expressed as



y
pz.in ai xi

where ai EA and Xi E X n E Xt

Proof Easy try it

prop7.8 Suppose A B are free R moduleswith bases X and Y respectively then
A RB is also free and its basis is x ylxEX.y EY
Proof obvious

I Flatmodule

Given a short exact sequence O A B C o of R modules thesequence

MQAid 5 MgBid 9 Med o

is in general not exact

Rrop 7.9 Let M be a R module given exact seg
A f s B 9 d 0

we have the following exact sequence

MORA id 5 MQB id 9sM C 0

AQRMf Id.B RM9 IdsM d so

Namely GM and MOR are right ex art functor

prep7.9 A 五 B 9 C o is exact iff for anyMAMadeBOMAds C M o is exalt

since we can take M R and NQR E N for anyN

Proof Step I id C is epic Obvious

Step 2 Im id f KerCid g
idleglo lid f1 id gof id 0 0

Step3 Ker id g Imcidof
This is elementary try to prove it by yourself

PǒetI另苢 Icexdact另5EN HomeNAl5 HomeN131为HomeN d l exact



A B d so exact if N 0 HomCN世HomeBN HomAIV exalt

Now forany R module P set N tom M P we see that

0 Hom C HomM PII世HomB HomM P 一为 HomCAHomMP

is exalt

From Prep 7.6 Hom X Y Z1 E HomLX Hom Y Z we see

0 Hom C M P 我 HomBOM PI Es HomAQIM PI
is exalt Since P is arbitrary we see

A Mads BONI adc M o

is exalt

You need to check goidit gx ̅ and foidit Ǎ
Remark HomCM 1 is left exact

M is right exalt in general it is not exalt

Def 7.2 LetM be a R module if forany momorphism f A B the induce

idM f MOIRA M QB is also monomorphism the M is ed flat
module

Pre 7.10 M is flatmodule if for any exact segu
o A tire o_o

the sequence
o M Aides MQB idesMOd

soisexaet.proof Adirect result of Prop79
Prop 7 II Let MiJie be a familyof R modules M ie IMi is flat if every
Mi is flat

Proof Ne need to show thatfor any monic map f A B themap
idM f

is moni c
Since MOIRA iEIMiI RAE iEI MiQRA



M RB EIMi Q2BE iEI MiORB

Fromthepropertyofdirectsum idM f is monic if idMiOf is mon ic
Exercise Given a family of modules Mi了ie I thedirect sum i EI Mi togethe

with canonical embedding Li Mi M has theproperty that For module

N and f ie I Mi N f is manic if fi f o li are monic for all
I EI

Proof Since f ieI Mi N is monic and Li Mi iEIMi are monic thus

fi foli are also monic
Since fi fo l i are monic Fr X Xi l iE I iEI Mi f X 0

implies that f Zji Lij Xij 1 Σiifij Xij 0 Thue x 0

prep7.1'2 Allprojective modules are flat
Proof Step I R E RMod is flat

Step 2 Freemodules are flat
Sine free medue V x K K E R
prop7li and step I guarantees the cone in

Step3 Projective module P is a
dineetsummandoffreemoduleV.VEP K Prop7 I guarantee the result

Pre7.13 R module M is flat if for all ideals R thefollowing sequence

MORS IdM IsMORR
is exact I s'es R is canonical embedding

Proof Omitted here

Pnp下么 RmoduleM is flat if forany linear expression

Σin ri Xi 0 ri ER mi EM

theremust exist n E Zt and Sij ER yj EM i I i m j 1 n

suchthat
Xi Zii Sijys i I m

Σin risij O i I n

Proof Omitted here



Prp 715 Fr PID R R moduleM is flat if M is torsion free
Proof When M is flat if M is not torsion free thenthereexist

OFa Ek and o mEMst.am o

Consider
monie fi R R rts ar monic since R is PID

f idM RQRM RQM is monic since M is flat
But f idM 1 x1 a x 1 ax 100 0 thus we have

a controdiction

Since R is PID all ideals are of form cal Ra

Let a o.fi a R is embedding Consided

f idan a RM
sRQRM.SupporeziriaxiEkerfoidan.then

Σin ria Xi 10 a Z i i r i x i o in RQRM
Thus a Ziirixi 0 Since a 0 and M is torsion free thus

Zin ri Xi 0
Thisimplies that
已in ria Xi Σ in a rixi a zirixi a00 0

in cal RM Thus f idan is monic
From Prep7.13 M is flat

Example 17.3 Q is torsion free as E module thus Q is flat Z module
But Q is not free Z module

Summary

For general unital commutative ring R

free projective flat

injective dtd projective



On PID R

free
Preiisfoetherianrin.gl


