Chapter 1 Module
§1.7 Tensor Product and Flat Modules

o Tensor Pr‘od!wt s{- modules
¢ Fat modules

@ Tensor produt of modules ouer commuitwtive ring.

Dof 71 Let A\ B be R modales, the free modile [/ is a free R modile Jmerowedlejelemtf /4

AxB. let & be o submoduls of V' generated ly the fnllowiv elements
e+, b) — Cca,b) - a/,b)

(a,btb) —cCa, by — (4, 1)
(ra, b — rca, by
@, rby — rca, b)
whee, re R, o, 0’6f, bbEB. The tensor Iarnluto.f A, B ix defined ox AQB = V/K.
And we derote Q®b:= (o,b) + K, = 0Q0.

Exercite (1) Prove that * ® ¢ s bilinear.

=

@ Pow thet 0®b =0 = p®0 Va,b.

@) for modules, give exa,m/o/ef t0 show Hat: thre may exik a#o, b¥o but adb=o
Hiat : for 2 module, Zm ond Zn, Zm ®Z ZN

Zn ®y Ly = 0.
Det. 72, For R moduls A.B,C,

= chdtm,n). When gcdw»m) =1,

F:AXB—=>C is culled bilinenr 1f
Futw,by = fwu by + fad,b)

Stra, by = e b

feo,be) = Famy by + Fw, b))

$o, rby = v fanb)
Tt is clar ®: AxB — AGB is bilinear.

Thm 2.1, let A. B be R modules, for any R modde C and bilinear moyp f Axk = ¢,

there exighs Q@ un'\c,we, R module s £: AQeR —>C¢  cwh tht Fo® = Ff .
This is wlMed umiversal property of ® .



ARS "
The tensor Procf«w(-, (S Je-tmninml wp to an fsomor»Ph»‘sm

Proof . This i eun, Wy o prove it é,gw!’elj,

Prop 22 lee A'B be R modulss, we hwe the fo{/owiaJ R rmodule /Zromp/ﬁsm.c:
D A®R = A, R@B:B

» A®eB = BBGA

M @ D*;v\,e, f; AxR — A , = el gt s chwp {,Aaz f s bilnear. BJ
wninersel propord | thae is a  Linewr mep f ABeR — A such shet

f(&@r‘) =

= fa,r).
We wn alo define §: A — AR, a+—> a01. Sme goesd olement i
ABR is of the fom:

ioeri = (3 rvade 4
Then Jef (a®1) = Jla) = 0.@L, mewning & § =idagr. And fo3=ia &
cear. Ty ABR > A.

Sxmi\w\a) we G prowt R®@ B 8.
@ DPotine  biliwess mup $: AxB — RE& A, @ by —> bla. 7his imdue
o R module mwf $: A®.B — B A with T(a@b) =bon.
Sim{\w‘g, we on obiuin §:R®e = ABeB® with JFbda) = aeb.
T =id, §oT=id.

prop 73 Les A.B.C ke R modules, then ARp (BB L) = ABRB) ®al .

Proof Powe it by goursalf

amuag 724 let fiA—>N, 3:8—8 be R modl mapt, then theore exicts wnigue R
mabile mup ABeB — A®e® St for oll 0eA 5B we hme

a®b —— f ® gb).
We devwete ¢we wod oz $®3.



proaf.  Gonsidu- bilweor mop  h: Ax — A @B
(kb) — {1 ® §b),
it indues £@9
Ranark . 47 (&Y ) ch@L) = (Joh) ® (§oL).
@ $eg) = e gl
prop 25 Let A/ B, Ai,Bi be R modules, then
@ Pz AI®B = Diex (Ai®B
(2 A ®g (Dier Bi) = Biex (AGB)
Proof.  Exercire.
fop 26 Let A8, ¢ be R moddes, then
% Homg CA®®, &) — Hom (A, Home B,¢))
+ > of): @ +> Ch> §aebh)
is o R motule iomorphism. [+ BB od Hwma(R, ) are odjoints!])
Proaf. Swep L. P is well-defined. defie F, € Homg ®, C)
We need 4o show +het Pcp): & > Ch>Fa®b)) s a R modde map.
Notice ) ca+ o) = Foo . Foted ) = o) @b) = F@db) + fa’gb)
= Fa (b + Fas b)
Smilpdy  Fra = mFa
Step 2. P is R modue map .
$cs+5) oy =[¢E) + Fo)H T
orks both sides on b.
Sini Loy Frdy = roa).
Step 3. Dafine W Homg CA, Homet®, ¢)) — Hom (A8, CD
g — Pg): adb > (ga) ).
Reped  step 4 & 2 40 show Y s umll—c{e?{vul ond o & medule mop.
Swp 4. $¥=1id , Wd=id.

pop 27 Let V be o fee R module., X is bosty df-V, then Wg-dewznt in AGp V/
com be waigwely emxpresied  og



Ao, 0 @
wheoe A omd XiEX, n€& Z«.
Proof . Elua, ty it
Pop 7.8 Seeme Ai® ore froe R moddes with bases X ond Y rerpessinly, then
A®e B is oo Greo wnd it basis i x@Y| xeX, Ye Y},
Proaf.  Olwitus.

(I) Flat module
Gien o shirt exos S5uene O—%ALBLC — 0 of R moddes , the sequone

o— MEALS, wept¥. mee —o

s in a—wml not exout .,
Prop. 7.9 let M be o R /module, Jiven  exoor  ses
A fsg_d,0— o0

we houe the -quxow'mg oxut  sequene |

MOA BB oR KO e —s o
ArM I, g oMl — 0

Nomedy | o®M ond MBp: ore wight @xax functon,

P_"QE7-9" Ai;B—-g——> C—o is exat Iff for vy M

Aem 24, 2em 984 Com —so is exutt.
Csine we o twhe M=R ond VR =/ for ony N)
Proof. Step 1. Wd@®C is epic.  Obviows.
Step 2. Im(W®F) = Ker CiddY).
@e3)e (d@F) = 4@ gt = d® O =0
Step8.  Ker (id®Y) = ImCid@$)
This Is ehmentury, o1y <o prove it by yourseks

Proot’. Pop BL omd frop 5.2
°o— A ié Bga C exoct ":Si' VN ) O—aHDm(N:A’)é; Hom WV, B) '& HOWI(N, e exatk .



*
A—B—C—0 exax iff ¥N, o—eﬂm(C,N)-f—éHom&B,N)i; Hom(AN) erett.
Now for‘ Gy R module P ger N= FOMC/VI,P), we ¢oe  Bhut
+*
o— fHmC C, Hom(m,P)) i> Hom(B , Hom (M ,P)) §*> Hom (A, Hom U, P)

(S WL .
from Prop 7.6,  Hom(X®Y, Z) = Hom(X, Hm(Y, %)), we se
0 —> Hm(COM , P) —L HomBBM, P) =

£l Hom (AQM, P)
s exeux. Sie P s o»bi’cxwa, we  seo
£Ou 38
AOM — BN — CeM — o
IS exXout .
You need 4o cheth (U = §F  ond 4@ d)* = 5
Remurk, HomCm, ») is lefe exoct.

‘OM s righe  @xaik, in awvd it is nek exaLx

Def 72. let M be o R modile, f for ony momorphym £ A —>B, the /mdue
dn®F : MBA — M2 s also monomor‘:kism, the M is ed ot
module . : -
Prop. 71 M s flet module iff for omy exak gepu
o— A JL) B —3, c—0
the seywenmce
o—> meA %5 neg LM — o
is @xaut .
proof. A direx resdt ef Prop 7.
Prop 741 Let {Miliex be a fomly of R moddes, M= @ierMi is fla rff emery
Mi is flet .
Proof. We need +o show that for amy  monic. map f:A—B, the mop
i ® F
ic monic .

Sine NB®rA = ®@®ict M)A = Dict (MBRA)



MBrB = (BiezMi)BrB = ®iex (M B) .
From the propersy of direct sum, iy ®F is monic iff idmi®f is monic.
Evercise. Givan o foumila ot modules IMidier, +the divect sum @ier M- ttyez‘fer
with canonical embuﬂina L:mie=> M hos the property that :  For module
N ond f: ®iezMi >N, ¢ is monic f Fii= Foli are mmic for all
1EL.
Poof. “=>": Sine §: @i Mi—>N is monic ond (i:Mi—> ®icxMi are monic, thus
fi=Foli are also monic.
Y=": Swme fi=foli ore monic. Fr X= (XDiex & Diea Mi | fx)=o0
;'mF/ieA that  FC ):'3':4 Li; Xy ) = ) '}ijt’xiﬂ =0. T X=o0.
Prop 712 All projective modules ave flot .
Proof. Siep 1. R €Ml is flse
Step 2 . Free moddes owe ot |
Sme free mdwe V= B¢ kiR
Prop 211 ond Skep L gquuomtees the wonc 1 .
Step 3. Pojesvive  module P i o dinert swmmand of free mooule V.
rzpPeK. hRep 71 guntees te result.
pee. 713 R modale M s flor of for ol idea S R, the following segurnce
o —> M®S M/Vl B R
is exut, 1:€esR 3 cononical em\:e,dc\\:mﬁ,
Pros{. Omitted here.
Prop 714 R module M is fist iff: for ony Lineawr expression
Ul M%i=o , rveR, meM
there Myt oxist ne Zy ond SyeR Y5 €M, i, m, 33,0,

cuch that
Wi= T3, S$5Ys sl m

m

E'\'r.\ P(Sb- =9, 5=:L,"')n.
Proof. Omitted here



prop 715 Fer PID R, R module M s -F[m;t iff Mis torsion - free.
Proof. “=>": When M s flor, & M is not torsion—free, thn dere exivht
o:l:o_,el?\ omd oFEmeM St., awm=o.
Consider momic  f: R—>R, r+> 0 Cmonic cine R i PLD ),
(®idw: RO=M — REM s monic sine M is Flot.
Bt (Foidn) (L®%) = aBX = 4®@ax =4@0 =o, thy we hue
o tentrodiction .
‘" Sie Rois PIP, oll idesds wre of form (@) =Ru.
[et a9, F:(@ =R s em\wldmg Gongided
f@idm: ) B M\ — R@eM.
Sppore T M0 @%i € Ker f@Uy , then
T oneeXi= 40 a I % =o0 (in R@aM)
Tha 0 Tim Mi%i=0. Stnce a#0 omd N is orsion- free, vhus
T ri%i =0
This implies thats
" rae xi = 51(:‘.\ a®rixi = 0@ Wi = alo =0
in ) ® M. Thu F&idwm is monic.
Fom Prp 743, M s flat.
Example 73 @ is torsin-free 08 Z meduhe, thus A & flat Z module .
Bur B is not free Z-modde,
Sunmdva
@ For genenl uniel owwudotive ring R

Frojec.tiu&

injective <&—‘1—> Fm)wtth,




® On PLD R.

free & projesive &> {—lust

holds
for Noethourion ring 1!



