
Chapter 1 Module 
§1.8 Tensor Algebra, symmetric algebra, and exterior algebra 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Algebra

Tenson algebra

Symmetric algebra

Exterior algebra

II Algebra

Df 8.1 Let R ba commutative ring A is a ring A is called an algebra if
11 A 7 is a R module

121 For any r ER a bEA we have

ryiiiyopigtructu.ieRemark M A RA H satiety
and R module action

ifyA 1有 associativity axiom

A A A

Mea b alb M ra b ray.b
Mia orb a rb

A E RMod A is an R module

T show A is a ring
A.tl is abelian group is a result of AERMod
ca.by.c a Cbc is a result of associativity axiom
a.cbtcl

abta.catb c a c b.c
is from M AQRA A def

Df 8 I II If A has an identity element I A is calledunital algebra
s f A is ommutative as a ring it is called commutative algebra

If A is a divisible ring A is called divisible algebra



Example8.1 Ring R is a Z algebra

Example8.2 REX Xn了 and REX i xn II are R commutative algebra

Example8.3 The matrix ring Mn Rl is a R algebra

Example8.4 Let A bearing R is a subring of CenterA thenA is a

R algebra

II Tensoralgebra

Let Me a R module Fr integer n 0 set

T M in M T MI R

For a an ET MI and b bs T M we candefinetheir tensor

product a art b bsl T M

This gives a bilinear map TrMI X T MI THSCM and thismap is
associative

Df The tensor algebra is defined as
TIMI intoTrcMI

It's clean that TMI is a R module

The ring structure of TMI isgivenby tensor product
r a obl ral b Q o r b

Reme Fr freemodule M with rankM n TCM is also free and

rank TUMl n And TM is free module with nan k TIM1 to

Ill Symmetric algebra

For R module M consider T MI and symmetry group Sn define a submodule

Ki generated byelements
a an aal n.al6cm

Then we obtain a quotient module

SncMI T MI Ki
Fr elements in s MI we have



a arI a a aan I

we call Ia anI symmetric productof a
ar.peDefine Ks into Ks and

SCMI rios M
me have
SLMIETCMIIKs.TreuteTLN.LI

as an algebra Ks is an ideal at TCM thus

sulll is thequotient algebra called symmetric algebra

Rtark Forfree module M withrankM n xETRM define

Symrcxl
rtzoesn6x.srMlhasabasis

hei.o.i ejnIIIEJ.si jr n

Thus ranks411 C'nin

i.Remarek.io r freemodule MwithrankM n and basis

e i 一 en

we have basis of S MI as
eq en I

where α αn 0 r and αit t αn n

Tosee ranksr MI Cnir 1 consider r balls

divide n 0uityiiiiiiiiiiion gae.cnint Cnine
Rrop Wehave an algebra homomorphism for freemodule M withranknn_n

f RCMi xnI SEND

ΣaRi.knxikl Xnkn ZQki.akuIe9 i.n.cxen

knI.lIV Exterior algebra

Exterior algebra is ubiquitous in geometry it plays crucial role in constructing

DeRham cohomology



It For TM define KĒ as submodule generated by elements

a an

where there exist itjs.t.ci aj
Define the quotient module as

1 M TCMI KĚ
its element is denoted as exterior product

a 1 1an la

arI.Pe_mark.IOa 1 1a r o if i j ai d

air 1a in ng n 1an 11 ain 1ajn nail nan

proof ain
1caǚaiin 1qijg

1 1an 二 0

Expand the expression we obtain the expectedresult

a air 1 aari 111 a 1

nar.ltLet KE no KE then we have

1 M no Ar M E TM KE

This is called exterior algebra

Remark For freemodule M with rankM n if r n we hare
一一

1r MI 二 0

Thus 1 M n o 1 MI RankN M 2

Proof Rank 1 CMI Cn
Rank1M 2rio Cn 2

Rgmazrk For Vj Riaijei with ei basis of M

vin 1vn 2in ai I eijln 1 2inQinn ein
Σin Rin Qi din ein 1ein

二 二品 in 1 1 9 Ein ai I ain n ein nen
二 lǎiiiǎlen nen



Pp8， 1 Let V V U be free R moduleswith rank n n n a short exact

sequence

o V4 V4 V 0

induces a natural isomorphism

un V 101 V Es1 V1
Proof Notile rank 1 V 1 rank1ㄇV1 rank1 V 1 1

Wedefine hi n r 1x1 V

1nirlbyhcvit.nvni.rin.itrni qcriln.nqcrn.int'cri 11 14 2品1

Toshow that his welldefined just notice 4 V1 is notuniquen but they
differ with an element in ken 4 Im 9 But 1ʳ 9V1 o for ren
Thus his single valued thuswelldefined
It's clearthat his bilinear

n r 1 x1 V h
si V1

h
Niv101 V

Since Rank1 V Rank1 U101 V I To showhi is isomorphic
we only need to show his surjective Exercise

Rrop8.2 Let V V V bedirect sum of two freemeduelwith finite rank then

forany m E Zt we have

1m VIEgmt V 1 V

fromwhich we obtain algebra isomorphism

1 V1 E 1 V 1 V
Proof Let ei eni be basis of V and ei e'h bebasis of V then

ei eni ei e'h
is basil of V V V

For o r Em detiǎ nrcviarnrw 1mLV1



by 9rclviin.i.nvin'l cvin.no m rli vin virns.in 1isni
r.gris manic modulemap

Define 9 9r rio r V101m V 1M V g is monic

Σno rank 1 U1 ranknmrcr1 Zrocn.cn i Cnin rank1mN
Thus 4 is isomorphism
This implies 1 V1 NV 1 E1 V
Check the isomorphis is an algebra isomorphism


