Chapter 1 Module
§1.8 Tensor Algebra, symmetric algebra, and exterior algebra
+ Apebra
o Tensor a/jebra
0 S"jmrrretr‘ic u{gebrq
o Exterior a/]ebm

(D A’jequ
Def-. 8.4 [et R & a cmmuutive r'ity, A is a rify, A is called an a,!yebm if
@ (A, +) is oo R modne,

) For wy reR, b e, we hwe  raby =wewb = ocrb).

Rewark.. ph: ABpA — A swhivhy computibility of ring Staccture

A A and R modwle artion

1)

associm-ﬁxli% axiom.

A A A A A A

D Meaeb) = ab = Mradby; =cray.b
=poerb) = o (rbd
® A€ gMod = Ais on R wodule .
T shw A s o riny :
o LAty is alelian goup i o vewht of A S /Mod.

o (b).c = @ (bec) g o vewk &(— a.SSoc(a-l:\'ulfO oAxiom.

- (b+¢) = Qb+ Q-c
) * is from g1 AQA A dot

@thy - ¢ = ac +b-c
D 81 @ WA b on idowioy elmart L, A is alled wnitaf afpabra
® H A is commuatile as o ring , it is called  commuwteitive mﬁobﬂa

@ I A s o divible ring , A s alled  divssible a{yelom.



Exump|e §L. Rimy R is & Z aljebre\.

Exanple 2. RIX, %) ond RCOOX, =5 X1l are R commututive o!jebre(.
Exa,m,ole &3  The mairix ring MaCR) is a R aﬁebm

Exomple 84 Lot A be o riy, R is o subrig of Cater(h), thon A is o

R alﬁebm.

@ Tensor olyebra.
let M bk o R modde. Fr iteger 1O, set
T =5 M, TWH =Rr.
Fr e - ®0a~c T"(M) od b6,®®bs € TSM), we o define their fensor
produck (680 ® b @ ®bs) & T UM).
Ths giks o bilinewe map  7UMN) X TS —> TTEM), and shis map is
Bssociative
Dk The womton olgebra is  dedined ou
TUN) = Bro TIM),

O Tws clar that TUW) % 0 R medale,

Q Te ring strucpare  of  TUR) s g,'uen ly TnSor ,be&w\:.

® r@sb) = n)eb =aecrb).
Pemorh.  For free mode M with renk M=n, TGN is who free ond

ronk. TUN) =n". And TN) IS feee modde with rank TUN) = o,

() Symmertri ¢ olgebm.
For R modike M, consider T (W) ond gymmetry  group Sn, define a cubmodsle
Ka gonevnted by elemonts
WG - B — Kgy) @ - ® Wgery -
Then uwe dbtain o quotient modile

STy = W) [KG .
For elememts in 8TUW) we haue



@ --@al =L[hgy, ®---@ a—scwl,

we ch EQlQ‘“@ahl s\\jmme-l;ml me w(t Q, -, 0
prop Define Ko = &5 k¢

r=9

ond
sMY:= Bri3 S'un)
we huwe SUIN) & TW) /Ke .

Trente

TW) s on olgebret, Ko is on idead of- TUW), thuy
Sul) is the guot tent a,gebm) colled ;;jvwn\%ﬁi‘c algeiara
Roms-h. . For free modale /K with mak M =n, XET W), dofine

(
%mrcfx,)=?! ﬂsegv‘ 6% .

StM) his a bosis frLe; @ ®9,.1 [1=52), <

< jr SW},
Ths rank $"M) = Ceea.
Remark. For free roble. M with rank M= n  ond  basis
e||“-: QV\
we hae bosis of STIM) s
9 %
Ee?d'db - @ eq 1
where Ay, 0y =0, -, end o+ -t On =1,
n
To see rank S'TUM) = Cher—, onsider r  bolls 5
V Vv v _ vy V_V v «v_vV V;nw—if&
e o 0 0 - O O T D
\- ;\ — YTT"*/_J
divide them inte N groups b<'1 inse»tivg n-1 dividers
n-\
Creng = Cuann .

Fop- We hawe an aéebm /wrmmorrl.‘sm for free modale M with rnk AMI=h:
f: RE‘X,,---,’X»C[ —_— S[M)

ok
B O G K > Dy £€2p e g DR

@€, 1.

(IV) Extevior OBQLM

Exterior a[jelmz i$ uln‘;q.itows in 3eom-e:tvy, it Pl%e cruciol rele i
De Rham m;\Omologg,

con.s mwt:ua



Dt For TUM), define Kg 05 submodide genemted By elements
W@ - By
where thawe exiot i¢] St. Gi=0;
Detine the guotlent medde as
AT = TTUM) [ K
it element is demoved 04 exterior prodet
QA AQn: = L@~ ®Or].
Remark . @ QiA-—-AQr =0 if Fi#) Qi=u
@a‘A--~Aa;A---A?)rA---Aa» =CD Q- ACA AN - - A 2a.
Predd . a\A‘--ALM)A'--AQﬂA-w/lC(h =o
L J
Expumd che  @xpression, we obtain the expwb?c\ resul .

3jn §
@ Qg A--A Dgamy = )9

QA AQ.
Dot ket Ke = ®:5 Ke, thn wo hae
AM) = B ATem) X TU) [ke.
This is wlled exterion quelma
Romork. For free modde m with reab M=n, if vr>n we hace.
ATM) =o0.
This  AM) = Bree ATIM).  Rank NOW) = 27,
Prof . Rk A7CM) = Cq
Romk AM) = nl, th = 27
Romark. For Vj = T; Oy € with et bus of M.
B AT = G it €A AR Bian €

= Bla Tine, H-®y  CiA--- A&,
com (L
= E{\"g‘ s Ef\‘\“:\ &'—\) a C‘l ‘“) a.(‘ﬂ_ a\'wn 8‘ A.'~~/l€u|
— (% -Cum
Otwy -=- Oan




Pop 81, Let V', V. V" he free R modiles with rank. 2/, n, n", a shrs exect

wmee
"7 P WV

o—V'— V15 V' — 0o
mdwes o natrof I'JOMorrhisM
AW BATW) = AW
Proof.  Notie renR A" (/) = cank AWV) =reak AW =4
We dofine  h: A" Ix AW — A%y) by
hCWA = AV 5 VY AA T = QWIA-NPUIANYI I A A YT V).
To shw vhet R s wall- defined , just fotice YTCF) IS not wisuem bux vhey
difjer with on  elemewt jn e V= Ln @ Btk A"(P(V)) =0 for rrn’,
Thws h S sinzle.—-vsbwl, hws well—defined
Tt clear &hat h o5 bilimean.
AW x A" s )

A
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A" A"y
Since  Rank. AMK) = Rank A"W) @AWY =L, T shuw i rsomorphic
we on'é) med %o show B is surjertiie . (Exercise)
Prop 82 et V=V'OV” be direww sum of wo free madiles wish fwite rank., then
for m@ meZy, we hue
M) = @ A "(V)® Ny,
from which we ebtoin ulfFJnm isomorphysm
AW = AW ® ALV,
Proof. v Let .-, &f be busis of 7 ond ef,---, i be buis of /Y, then
el el , ol -, el
s bouiy o V= Ve v”.

'+ For osvrem  dofine
Qn: NUWIRATT W) — A"Y)



b Prl A AN ) B (WA A T se) ) = TA Vi AU A AV
P is monic module nap.
e Petine Q= é‘o Pt BLo AW O AW — AW, @ is momic,
v Tlo rak AW rank AT = D0 C G = Gt =rank AMW).
Thy @ is i.Some'rf’mm.
Thts implies AL ® NV =ANW).
o Chetk. the '\SOM&Y‘FhG IS o alﬁelm Iwmovrh\‘sm.



