
Chapter 2 Categories 
§2.2 Functor and Natural Transformation 
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Functors are morphisms inthecategoryof allcategories

Def2.1 For two categories CandD a covariantfunctor F C s 0 consists of
II Maps on objects A FIA

ii Mapson morphisms f EHomeA B 1 Fit EHomoCFA FCB

Theysatisfy

FIidAl IdFAI

Fl9of F1910F f

A FAI
FHf

gof t B mEupFcg.fi ǏlB

ět 9 FistFigI

Def 2.2 G e 0 is called contravariant functor if it maps f E HomeCA.BI to

Gcfl Homo G B GAl such that
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RemarkCDuality DualcategoryCOP Obe obe Homeop A.Bl Home

CB.AI.cfogpigl.tl
A contravariant funiton F e s O is a covariant function F e P 0

A contravariant functor F 0 0 is a covariantfunctor Ǐ E 一一 0

For two functors F e 0 G 0 E we can definethein composition GoF Theide
functorcanalsobedefined naturally

A
f
B

F
A f

BF

YI s 吢 F前F41前

GiGF'SGIi
Def2.3 For functor F e 0 it is called

il full if F is surjective on Horn set F HomeCAB Homo FCAI FB

it faithful if F is injective on Homset F HomeCAB7二 Homo FCA FBl

Exp 2.1 Let D be a subcategory of E we can define embedding y embedding of
objects class and Hom set

Exp2.2 Forgroup G its commutator subgroup is defined as

I G G I xyxty x y II x y EG

T quotient group G EG GI is calledAbelianization of G
This induces a functor F Grp Ab Checkthis

Thisfunctor is leftadjoint of inclusion function L Ab Grp

Exp23 Forany set X E Set Define a free R module with basis X Thisgives
a functor F Set s RMod
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Similarly we have F Set Vectc Free functor

Exp2壬 Forgetful functor

w RMod Set

w RMod Ab

III Hom functor and tensorfunctor
Hom XI e s Set contravariant funitor injectivemodule

Hom X a i e Set covariant functor projectivemodule

Tensor funiton AQ2 RModR RModr covariantfunctor flatmodule

I Naturaltransformation

Natural transformation is maps betweed functors

Def2.4 F two functors F G E D a natural transformation is a set of
morphisms

T F G TAEHom6FCAI.GLAll IAE E
such that for any f E HomeAiBl the followingdiagram commutes

F AI FHI FCB

ITA TB
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f all TA are isomorphisms T is called natural isomorphism

Exp2.5 Fr Vert开 define doube dual functor

F VestF VeetF
V i s r

Then Or V Vˇˇ is a natural transformation

O idrent开
了 F

For Veeti O is natural isomorphism


