Chapter 2 Categories
§2.2 Functor and Natural Transformation
’ Funcwr

« Natura/ transformation

(I) Functor
functor F

cu:teﬂor&\] C —— C&fegora D
object AR > objexs FCA), F(B)
F
map ALB —— mop F(A)iﬂ:(.&)
Functors are rmr]:hisms in the am,j““} oz[- ol mtegorios,

Pef 2.1 For two wtegoriet C and P, o covariont functor F:C — D wnsists of
(i) Mops on objuxs : A — FA)
(i) Ma’x on morphisms:  F€ Homa (A\B)  —— Ff) € Homg CAA, FLB)).
T"“’J sotisfy:
@ Ftida) = dpa)
® Fudef) = F@)oFe).
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Def. 22 G:C — D it oled contravariont fumctor i it maps € Hom,(A.B) +o
Gef) € Homg (G(B), GA) swch thet
O Gaday = dawy.
© G =aH- &y).
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e A contravariont functen i @ —— D i a covarimt fumcion E.of B

o A contravariont funetor  F: C — D is a oopriont functor 7(:_/ C — p°P

For two funcors F:C—> D , G:D > F, we can define their comfo:.‘-h'own G°F, 7he ide

fc.meoramahobedcfm'ned mmmalg
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Det- 23 For fumctor F: Co®, i is oled:
W fl , f F s Surjetive  en Hhm ses F: HowaA, 87 —>> Homg CFR), RB)).

i) foishfld, o F s injercive on fhm st =i Hom, 4,87 > tomg (FA), FuBID.
Exp 24, let D be o S\Jocu’ceam'a f O, we o defire embuldug] by eméed&'rg of

objewss chss  wnd  Hom set.
Exp22  Fr guup G, its Ommutetor subgroup  is defied o2

LG Gl = <xyx*y"' =41 (x.9€ LS.

The guettent  group G/r6,61 s calld Abeliuization of &.

7his indwes o functor  F- Grp — Ab .  COed hic 1))

This funcor is lefe adjoint of inchsion fametor L: Ab < Grp .
Fr o st X € Set. Defme a free R module <XV with buit X. 7his giees

Exp 23
o -F«mc—m- F: Cex —>2_M0¢l



Simi(wlﬂ, we hawe F: Set — lbces. (Free  fumctor )
Exp24 F-r&etfd -ch:\-or-
w: p~/\I‘OA —> Sex

w: &MO& E— Ab

@M Hom funcor omd feasSr functorn
o HmC.X) 1 @ — Set contrwprient Functor injective. madule
* Hwm(X, o) ' C— St warime fmctor projective. madale

o Tasr functor  A®p @ i pMode —> eMody  comriont fumtor  flt module

) Notural tronsformation
Notural transformation s maps betweed fanctors,
Def 2.4 For two fuctert F. G: C —> D, o man] toufrmation /5 o et of
thésmﬁ
TF —> & = 1Ta€Hom(Fh. Gb) | ReC]
suh that for oy f & Hom(AB), the foloving diogrom commates

FA 'FC—'“> F®)

TAJ/ J/TB
G

G.(}\) — GWw)

I al Tap are icomwloh:sm , T is called notund iSom0r[>h-'$m.

Ex\> 295, Ffer Velxﬂ:‘ wa(vuz. doube - dual functor
F: Veucg; — I/QmF
V —Y VVV
Then {9;/'- V— VW} is o notual tronsformotion

For Vm?- , 0 i netwrel ttomorphisw



