Chapter 2 Categories
24 representable functor and adjoint functor
o Representable functor
* Adjoint fuactor
(1) Representable functor
For ony category C, there ore two functors frm C to Set
) Loveriant  hp = Hom(A, o)
@ Controvarimt A= Hom( e, B)
Det. 44 Let € be o oxtegery F: C — St a wvarfant funcesr, If zhere s
AEBHC ond nasurad isomor\f)hism
K l‘lOWéCA, )y —> F
we so-d F is refresen’cable,. The. purn (A, o) is colled repreéseutative ozf =
Simt|or\a, omtravariont F: C — St s alled y@,fyrey.m-(;qblz ff there  exigts
3 suh tat F o= W = Homg e ),

Exomple 41 Let C be o ancren outegory, ond X € Ob C, define a Gt velued  funsor
F: C— %t o follows
FA) = HemgetCX/A)-
Fif) = Homeee CX, §) =7s
Suﬂ;ose Vis o free &jw ouer X | mrean}vU thee 1S 12 X — I/ sweh tht
for omy §iX— Y, thee s o umisweg Sush thet §ol =Y
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Fis reFresentubLe with representative. (V) ) where oL Hm(V,+) — F
is defined a2
®p: Hame CV, A — Homg, (X, A)
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Excample. 42 [et  Modp be the ategory of R modele, and A.B € Modg . Dofine functor

F: Mdg — Set o follows :
c |—>{-lom&l,(wCAXB, ¢) =&¢)
c Fc) bilinear
}l)% > R9) l Axp —Fsd 5o

o)

hn F s refnesemé[e 6{7 CA® L. ) with « doflMA as
o« Hm AGeb, o0 — F
Modg_

o4
Homt 1,4 (ABRB, &) ——> FcC) =fom,,  (AxB, ¢)

I_L ) 0(,6 R h°'i;

where  1: AxB —> A®eB s cnonited map.

Lemms (Yoredw lemma). Let F: @ —> Set Le a funceor ,  then the naturad

ﬂwfurwwtlons from F o hy =HoméA,-) g jn one—t —ane aormc[:ondwu_

wih. FA) -
Net CF, ) = M.
Morever, ehis tomerphism s notured in A od F when both Ssides are ;pﬁq.rded

04 functors {rom Fm CC, S ) XC 0 et

(l

Nots Cha, he) 2 hyCe) Hom, (A, ).

Examrla .

M Adjoint functor

Dw}, For tuwo (meaorlezs e od B, the Pmdu.t:t Goole(?og Cx® s de—ftnecl al
.0 Cxd =1(X,Y)| xe obe, ¥ cob®D]

Hom (. Y), A B)) = HomCx,A) x Hom (Y, B)



X, Y) M> (A, ) ﬂ C,D)

~_ -

(R, Loy)
OoveLriowtt
{
* We owm omsider F: CxD —— Sex, o ﬁ?‘m‘l .ewa(Q is Hom (¢, 9)
/r
op contvoauriont;
Home(','7 :QxC —— Set
(X, Y) ——> Homg (X, Y)
< Y) Homg (¢, YD S € HmaCX, 3)
l%‘,ﬂ) b b l Hom, (4, 3) I
x5 Y) Hom ¢ x', Y7 s 1
S
X — Y
f""T lg
X ——Y’

o Gonsider covariomt  funceors F:C—D , &:D—C. 7hn Botha«]‘-
- Crde), o)
Hom<BF
— Hmc o, Ge)
e "
are funcears —me CxD +0 Set.
A no.twm’ trongformoetion o : [—{oneCO, &) _>H0%C FC), e) is o set :of M{’S
0(,(,5« : HomcCX, GY)) — HonéF(X), Y)
ouch  that for 5 )('—))() 31\\/—‘”\‘\{7, the -[-‘a.ﬂ&w«@ Jtajmm o W muteS
Hom, (, GlY)) oy, /-/omgt Fuo, YY)
[Home(f. &9) J' Hong“f'); )
Hom ¢ X', GCY) —>F/om®C Fue), ')



Def 4.2 let F:C — P aud G: P —— C be 2o f(Mcters. If there exigts
o nownd iomorphism
o : HomcC', Ge)y) — HM%CF(-),')
wo.saj-dwt F is Lft adigint of & ond G is pight odjoint of F.
Penote F 4 Q.

Exum[o]e. In section 7 we preve -Mmc
Hom o CABR, ¢ ) & Homg (A, Hom(8, 1)
This means @QB —  Hom (B, ).

Prop 2 Fantor G: D ——>C lor Lf odjoin iff for ay C € OC
hom—famctr  Hom cC, Geer) s repre Contable .
Proof. "= Let F A G, then thee is naturel Nomorphism
Xe, p ¢ Homp (RO, D) = Hom, CC, Gd)y)

Fix C, we see Homg CRa),s) = HomeCC, GC‘))}meM/nﬁ

Homcd, Ge)) g mfremfab[z.

“&" §\L(>(»e¢e CAg, ) be rtfr'eé%tuh% 0% Home CC, &C*))

Define.  Fcc) =A¢, we amn chek

Hom (FC), ) i> Homc e, GU)D.



