
Chapter 2 Categories 
2.4 representable functor and adjoint functor 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Representable functor

Adjointfunctor
I Representablefunctor

For any category C there are two functors from C to Set

11 Covariant hA 二 HomeA 01
12 Contravariant hB Ho B

Def 4 I Let C be a category F e Set a covariant functor f there is
A E Obe and natural isomorphism

α HomeA o F

we say F is representable Thepain CA α1 is called representative of F
Similarly aentnavariant F C Set is called representable iff tere exists

B such that F hB Home B

Example壬1 Let C be a concrete category and X E Obe define a Set valued functo

F C Set as fellows

FA HomsetCX A

Flfl Homset CX.fi f
Suppose V is a freeobject over X meaning there is i X V such that

for any g X Y there is a unique g such that goi g

x
I V

g
g ii

F is representable with representative CV α1 where α Hom V F

is defined as

αA HomeCVAl Homset X A
g 1 goi



Example4.2 Let Modp.be thecategory of R module and A.BEModR.DefinefunctorFModR Set as follows
C Hom

bilinearCAXB CFeildFed1
名9 mis Fagg AxB Ǐgi g
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Tn F is representable by CAORB α1 with α defined as

α Hom
ModRAQRB

F

HomModR AQB d FCC Hom
bilinearAXB C

h i
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s ho i

where I AXB AORB is canonical map

Lemma Yoneda lemma Let F e Set be a functor then thenatural

transformations from F to hit HomeA are in one to one correspondence

with FAl
Nat F hA E FAI

Moreover this isomorphism is natural inA and F when both sides are regarded

asfunctors from Funce set x e to Set

Example NatChA hB hACB7 HomeA B

Ill Ajointfunctor

Def Fr two categories e and o theproduct category CxO is defined as

Qb Cx0 X Y7 1 x E Obe Y E Qb0
Hom x.YI A B1 I HomCX Al xHom Y B1
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Wecan consider F exo Set a typicalexample is Hom o ò
onIravariant

Home 1 xe Set

XY1 I Home Xi YI

XiYI Home x Y SE Home X Y
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Consider covariant functors F e D G D C Then bothof
Hom FCol a7
Homi Gol
e

are functors from C 0 to Set

Anatural transformation α Hom Gcn sHom FC 7 is a set ofmaps
Xx y HomeCX GCYIe HomeFcX Y

such that for f X x g Y Y the following diagram commutes

Home X G Y XX'Ys HomǒFLXl Y

Home
xiǎiii'G tomeiiiiiF.tl
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Def4.2 Let F E 0 and G 0 C be two functors If there exists
a natural isomorphism

α Home Goll HomoCF101

we say that F is Left ajoint of G and G is right adjoint of F
Denote Ft G

Example In section 7 we prove that
HomRCAQB.CI E HomRCA HomRCB di

This means RB t Hom B

Prop 4.2 Funtor G D e has left adjoint if for any CE obe
hom_functor HomCC G 1 is representable

proof Let Ft G then there is natural isomorphism

αc D Homp F dl D 1 E Home C GCD

Fix C we see HompCFcdl HomeC G 071 meaning

Hom C Gc 1 is representable

Suppose Ad α be representative of Home C G 01

Define FCC1 Ad we can check

Hom IF 0 1 Es Hom 0 G101


