
Chapter 2 Categories 
2.5 Abelian Categories 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

monomorphismsandepimorphisms
Kernel and cokerneli equalizer and wequalizer

Additive category Ahelian category additive functor

III Monomorphism andepimorphism
Def 5 I Let f c s D be a map in category C

II If forany BE Obe and g h E Hom B c'l foh fog g h then

f is called monomorphism or

monicmap.itIfforanyEEQbe andu vEHom D.El uof vof u U then

f is called epimorphism on epicmap

Example 1 In Set Grp Modp 121Mod

monic injective epic surjective

Example 1 In Ring

monic injeeti.ee epic surjective

Surjective ring map is epic but epic ringmag is not necessarily surjective
f 2 Q is epic but not surjective

Consider RE Ring U v Q R if uf uf means ucm vcn n E区

This implies that uc.tl u n'l V II
二 usn'I Ucn7Uchi
二 ucnlucnzrchi

ucII.ve n I

V hI
Thus u兴I v 瓷1 兴 EQ.fi s epic

Example 5.3 There exists manic map that is not injectiue map
An Abeliangroup IG.tl is calleddivisible if n EEtandgEG I yEGS.tn y 9



1

This is equivalent to foranypositiveinteger n n G G
Canonical map f Q Q 2 is manic indivisibleAbeliangroup category but it i

not injective
isible Tisible every quotientgroupofdivisiblegroup is divisible

Fr A EAbd g h A Q satisfy fg fh Then x EA we have

fgcxi
fhcxiinQAThusgcxlhcxlEZ.in Q f g h there exists xEAS.t.gl xi hlx
andgixi haxi n 0 Since A is divisible I y EA st x 2ny
Then giznyi hiznyl n 0 2 lgcyl hy 7 1 in Q

gcyi hey 专 in Q

This is in contradiction with assumption gcxi hix i E Z in for all x EA
Thus g h f is monic

Prop5.1 Let f A B g B c be maps in e

1 If f g are monic thengef is
monicaIf gf is manic then f ismonicaIff g are epicthen gf is epic

生7 If gf is epic then g is epic
5 f f is isomorphism cmeaning it has leftandrightinverses then f is moni
andepic but the reverse direction is in general not true

Proof It Obvious

2 Suppose fu fr then gfu gfv since gfmonic.me see
U U

131 Obvious

出 Suppose ug vg thenugf rgf sincegf epic u v

5 Left imerse left cancellation

Right inverse right cancellation

Il Kernel and cokernel



In category C zero object O E obe is an cejeet which initial andterminal

Zeroobject if exist is unique up to isomorphism
Hom 0 A HomCA 01 1

Prop52 Let C be a categorythathas zero object
111 A EObe o A is manic and A O is epic
21 B C E Obe OcB E HomCB.CI called zero morphism such that

f EHom A B7 gEHomCc Dl we haul
OCB f OCA gOCB二 ODB

Proof 111 fA O s A Since HomCB 07 1 there is unique

UE HomCB 0 fu B A fA manic
Similary g A o is epic

2 Existente Define OCB as

B o 一一 d BO_od

A 5sB ò d AOttsè

B 0 一一 d s P B D

Uniqueness 0dBI c.BE obe 90cB cB bedifferent zeromaps then

OCA二 OCBOBÁ 二 OCA

Def5.2 For a category C let f 9 E HomLA B bemaps A J3B
A fork consists of an object E and map E I A such that

fi gi E Is A gt B

An equalizer off and g is an object E together with map I E A
Suchthat E

I A g B is a fork and it satisfies



thefollowing universal property

Fo any fork G A g B there exists a unique map

5 G E

such that the following diagram commute

王5
兵

I
A Ji B

S
G

If C has zero object theequalizer of cf 0AB is called kernel of 5

Def 5.2 The coequalizer and cokernel are dualconceptsof equalizer and
kernel

A J B 心
h
y
n

Thecoequalizer of f OAB is called cokernel of f

Example 5.4 In Grp Ring ModR equalizerof f A B and g A B

is K x EAl f心 gixis equippedwith embedding i kc

sA.InModR.coequalizer off andg is C B Im f g equippedwithquotient map
q B B Im f gl

Rrp Fr A g3B their

egualizenmapismonictheircoegualizermapisepicproof.it

equaliser map is moni

consider
uiiiiE.in it

E we need to show that



Set t iu i v we see ft f i u g i u gt Thug

t equalizer f and g
ᵗ A g B

五

堂 i
Notice E is unique but we see set U E or set v E the

diagram commutes Thus we must have u

v.ciit Similar

Pre Equalizer is terminal object Cfg
coequalizer is initial object Dsg

Proof Exercise

II Abeliancategory and additivecategory

Def5.3 Additivecategory Anadditivecategory e is a category satisfies

1 e hat zero object

2 For any A.BE Obe HomCABI is an Abelian additivegroup with zero
element OAB

3 Composition of morphisms is bilinear in the sense that

cg十921of g of gzof
go f tfzl gof gofz

生 Foranyfinite A An E Obe there is an object A which is simultaneous

product and coproduct of An An A is called direct sum and we

denote A A An

Def5.4 Abelian category e is an Abelian category if it is additivecategory



and it satisfies
11 Every morphism haskernel and cokernel

2 Every nonomorphis is kernel ofits cokernel every epimorphism is cokernelof
it kernel

Remark There are many equivalentdefinitionsof Abelian category

Example Ab and Modes are Abelian categories but Grp Ring are not Abelian

categories

Eg for groups A B and manic f AC B Imf is a subgroup of B
Todefine sokernel B Imf Imfmust be normal subgroup of B this is in
general not the case

Def5.5 Let F C D be a functorbetween two Abelian categories if for any
A.BE Obe we have FCA B FcdI FLD

Prup5.4 Let F e 0 be additivefunctorbetween Abelian categories then F is

a group homomorphism between HomA B7 and HomFcdi Feb

F ft91 FcfltFC.gl FLO1 0

Moreover additive functor maps split exact sequence to split exact sequence

Def 5.6 Consider additive F.es 0 between Abelian categories

F is right exaet if
M f M 9 M so exact

业

FCM1 F4sFcMI
F
sFCM 0 exact

F is left exalt if



O M t M 9 M exalt

业F

o sFCM1 F4 sFM F FLM exact

F is exact if F is left and right exact

o M t s M 9 M so exalt
业

FCM Ft'sFcMI
F
sFMI 0 exact

Def5.6 For contravariant additive functor F C s D left ringhtexaetne.si

can bedefined similarly

TheoremCMitchell embedding Every Abelian category e is equivalent at additive

category to a full subcategory of RMod over some unital ring R


