Chapter 2 Categories

2.9 Abelian Categories

* monomorphisms ond ep(mor\Fhisms
o Kern and cokernel ; eyu.ali zer and aoe;unlizeh
o Additive ctmﬂor(‘], Abeliom Cotegory | odditive functor

@ /l/lmvmorr’\ism and erimerPhism

Dof. 5.1 Let §:C — beo.mo?in category C.

@) I for oy BeOC od gih € Hm(e, ¢), Fh =J8 => §=h, tha
$ is olled mommwFl\ism or woniC map.
W) T fer on EE Q@WC,ad wvetHm(p, E), wf=Uf = U=, the
15 clled epimorphism en epic map.
Ecomple 1. Tn Set, Grp, MNodp, afllod:
meniC = injetive; epic = surjective.
Exomple 1. In Ring :
mony. = injwl:du_ 5 epic # Surjwc\'ue,
Swjepﬁuz_ rr'nJ map is  epic but epic ring mep /s pat /zece.sseng Surjetie.
f: 22— @ is epic b not surj ectivee
Cmsider R € &"5’

uv: | - R, OC wf :U\f means Uw) =vcr), V1 EZ.
This irqo/feA Hhat wH) = g V)

= wd) v UeR)

= U.L;'-\) wen e

n)
= u,Li)-U‘Lv{)
= ULV'L)
Ths UAT—,"')= ‘U‘L%) 4 %’Ié A . {-is epic.

ExamP]e 5.3 There exigt monit map that is npt /'yed‘ldb WF
An Abion grouwp (G, +) s alled dwisible if YNeZ, omd €&, TYeG Lk nYy=9.



7h s e7u'(/al,en to: for amy pusitife iategepr N, NG =G,
Cononieal map f e — 0__/1_ is mane in divisible Abelian growp categery  bux It is
ot injeive, e Sl Ceregy quosnnt g of duisibe gracp > divioll )
Pr ACASY . ah:A—> & susfy FY=Fh. Thn YxcA, we hue

fgm = fhx) /n @
Thws Jo) —he) EZin @, F J#h, thre oxicts «xcA St Jw=hoo,
ond oo —hetr = n #0. Swe A i divisibk, IJEA St X=2ny
Then Guanyp — hezny) =nzo = 203y —hp] =41 iz &

= JY-hy =4 ma

7his is in contredi ction wivh a46amptiou Jxr— hix) EZ in B fo-all x€A.
7w J=h, f is monic.

pop 5L Let f: A8, J:B—>c be mps in €,
G I §. 3 ore monic, then Jf is monic
@ If 3 is menic, then f ¢ monic
® If £, 9 ore eple, then Uf is epic
& I 9F is opic, chon g s epic
® T §is isomorphism ¢ mewniy los defe v right cwerces), chen £ ;s manic
ond opic, bt the reverse diretrion (s /n jemm[ et -srek.
Proof. @)  Obvieus
s Suppose fu= v, thn  gFw=gfv, sive gf monic, we see
AL =2
) Obviews
@ St W= vy, then w3f = vy, she §f epic, u=v
® left imore = loft  ancellotion
R}XM imrse = m‘jflm concelation
@ Kemd ond tokemel .



In cxtegory C,  zero o«lafwt 9 e ®hC (s on aé/wt which iaitted and termindd.
Zero s{)]wc, ff exiet, Is u.ni7% wp to Fsomorphu‘sm.

# Hwm(0, A) = # HmCA,0) =4 .

pop52 Let C beacafeﬂov;]ehat, hos  zero ofject .
b VAe ®C,

o—> A s monic

end A—> 0 epic
@ PB,cec®wl, Il Og € Fom CB.L) culled zero mo;f»élsm, swh thar
VY f€Hm(A, 8 , ¥ JEHMCE D), we hae

Oca {' = Ocp, g Ocg = Opp

Pmaf\ D Fp: 0— A Sinie  # HmCB,0) =1, thee A anigue
we Hem(CB, ©) j’AiL'- B—A. = -[-A monic
Stml|w<\j 3}; A—o is epic.

@ Existonce. Defire G 04

(»)

/s O\

A3sp—50—>a = A%
9 Be
B—0—05 <D =B8—D0D

N

Uvu7w\w. 1 0aeVc.neobe - %O,celc\g Be differeat zere wmfs,bkm
OchA = Oca Oup = Of4.

—

Def 5.2 For o ca-rejo»j C, kt $,5 €& Hm(RA.B) be maps A —B .

. 3
A -forla consists oaf- on 95]60‘: E and map E - A swh the
fi=9i B —sA—=B

J

An egualizer of f ond g is an obect T rogether with map 1 E->A
Suoh €hat - 1 ;ALB is o fork,

ond ¢ wﬂfi\e.\
J



the -foll.ow}na wmiwner saf property -
Fer rk. _S, . here IS @ unfjue

T: G—E
swh sht the followina dmjmn commuate.
; )

E —A__—_—=8B

~

EAE
i s
G

If C hos zero s&jew, the epuabzor of f, Opp) s alled Remel of &.

De‘- 52, The ooe;‘-w!iz_er and vohernedd  are dual www‘?ﬂ dbf- e)*ufmer and

FEX‘ML coes uﬂk en

The ooeyluf:izzv @F ()t, Opg) is alled cokemel Bf‘ F.

Example 54 Iy 6}-’;, Rjry, Modp. e;ul.'zer‘ af- f:A—>B ond g: 4> B
s K = gcxeAl-f-t-m.—.gw} esa.iﬂnl with eml;eicl\‘vﬂ 1k es A

In Mede , Coeywl?zer' of T Mcl(? s d=B/Im -9 e;uu'FPeA with ;ewtﬁem maf)
v B —>8/In¢-J).

Prop.  for A:;.:B ,  their epuslizer map is  monic

their coqundher mlf s ?ic
/Droﬁf. () e,uﬁdher Wf is monic

tuside~ U X —E. U X —E , we need to shw twt
= iU implles w=v,



Set t=iw=iU , we gsee $t =FfTu = ik = gt. Thy

+ equlees  ond 9

t

x|
j 1

v
E
Notice T s w\lc,u,a, but we see Dset u=¢t or & st =t s the

deagromm  comues T we mut hwe w=71.

Uiy Similen

Prep Etrm&wzm is  termind obj eut ej—,n
&g)wlhev s iniefod olgwt 9.5,3

P"“’f’ Exercise .
@ Abelion Gaegory od  additive Category .

Pef 53 (Additive cu—teaova) An oditive cateqory C i€ a coteq or soxisfies -
@ C fes zero ohject
@ For om AB e GhC, HmA,B) is an Alhw odditie growp with zero
olement  Opg.
@ Composition of marrﬁfsms is biliner in the semse what
Qitl)eT = §iof + et
Jelhi o = 3§ + Jefu
&) for MJ finke A, An € B6C, thwe is an n/'/\eut A which f/}rm/+mwﬁ
/wodwx and wrw&M of A s A Ais aled direts cum  end e
denote A=A® - ®An.

[k{— 54 (Abekun co.te(jona) C is an Abelion cnr{;ejog itz is eddi tive caregory



ond it SwLiS-fie»S

) Euzzy rrmT/liS»'l bus kerned and  whernel

) E.wzl monomar/shn's is  hernel of rts Coﬁzmajl emg effmorp/n‘sm S cobernel ef
it kermel .

Remark_. Th—w owe mwa @)-wiva/’/mt dbf-(m'"c'CMSall AMW\ ‘”"{]“21'

EmmFle, Ab and Medp ore Abdion Ote gories, bug Gh[>, Ra‘nch wve not Abelian
Coctesfori eh
€Y., groups A, B o mmic §F:A——8 , Imf s a suéjmlp of B.
To defie cokemel B/Tmf  Inf mubt be normal shyroup sf B, this i ja

jewera/ net the coge .

ket 55 let F:C— D be a functor between two Fleliam atgorryf , if for o
AB € 8 C we hae FLABB) = FcA) @ Fb).

P""P54 let F: ¢ > D be aditve -funcwr EQJW%VI ALJ\M\ O)We.aort‘u , -bAeIZ F s
o group hemomorl:»ktsw\ between  Hom (A B) and HemCFd), Feod )
FUfty) = RHtFY, Fw =o0.

Morc over, a.Jcliu'we fwuwr mors sFﬁt exak se;wmce o tht exat ﬁﬁume,.

De;t-.ﬁ.é. Consider odditive F:C — D  between Abelian ca:tejenw

» Fis right exaet rf . g

M ——m > M" —> o  exax
Y
35 =9)

' ) ,
FM) —F) —— M) —> 0 exat

F s lefe exask if



0—>MI——-}—>M—3—>M” xok
(s

[RER

o — FW) SEAWD F9) > FM)  exak

o Fis exat if F is Left omd m‘?,h:t exact

o—s M 5'>[\’\ 9>/\/\"—>O exut

4

)
o —> ) B,k &FLN\") —> 0 exut

Def 56" For owravertmt additie funcor FiC —— D, kf, right exasnes
am be defined sim\\wlé.

Theorem C Mitchell embedcl(na) Ew('j /%Jtew\ aate?or(tj C s &7:4}(/&19/"1-\‘., o edditive
Oxfejwa, 0 o fdi s«L)ca;t?ama af— R/V'od aeyr some wnital m'ng R.



