
Chapter 2 Categories 
2.6 Limit and Colimit 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Directandinverselimitsformodules

Limit

Colimit

Il Directlimitofmodules

If PosetI Apartially ordered set cposetl is a set I equipped with a partial order
I x x X E I

2 If x y andy x then x y

3 If x y and yaZ then x EZ

Exercise Every poset I I canberegarded as a category
1 Qb I I

2 Homix y1 if x y
Hom x y if x y

9 iiògiiz
yzo xy

xziiiiiiiii.ciExz xz must exist

x1 G
x6

Def Adirect set I is a poet suchthat any finitesubsethas an upper bound

Toreprecise I is a poset such that forany x y EI there is a EE I such

that x z and y z

Example Every totallyordered set is direct set

Counterexample is discrete poset x y E where we only have
x x y y E Z



Def Consider category ofdirect set I and category ModR of R modules
a covariant functor

F I ModR

gives a familyof R modules Mi5入EI and module mapsifnuEHomcMn.MN that satisfy
I For every入 EI fix IdMn
2 Forany入 u U wehave fruofux frn
Wecall Mx fun a directsystem con we call F I ModR a directsystem

Df For a direct system Mi fun if there exists a module M and a set of
R module maps 4x Mx M such that

1 or any 入 u we have 4入二 Guofun
2 If thereexist another NE ModR and R module maps 4入Mn M

suchthat for any 入 M we have 4入二 4uofun then there exists a unique

gM N such that 4入二99入 入 EI

innit 9

iy M

fY 4
M andMn 9 Ma

兹 tu 4入 ni en niǚ u
Then M is called the direct limitofdirect system Mn fuel and we denote

lig Mi M

Prop In ModR the direct limit always exists

Proof Consider direct sum αEIMα with canonical map la Mα M

Construct submodule s as

S 4 Luofun Xxl 一 Lalxx I入个 M.ME Mx
and we define M x.IMα s the quotient map is q αEI Ma M
Then we define 4n qoln mn 1 Lxcm入 s the M 火Mn M

isthedirect limit



1 l

Weneed to check M satisfies universal property
4入

M入
二
Mα 9 M M s ˋ9If

My n ri
Y dirsum

4M
s kerǐ thus thereexist a canonical g M N

Un二 To In 二Ū0Luo fu入 二Uuofu入
uu 40Ln 多

S kenǐ
Defineg miiiiiǐcm

which iswelldefined since s Ker4

Such a map is unique since any hMls N with hoq 4 must

have h m t s Ǔcm gcmts

Example 6 I Consider a R module M Min EI is the setof all finitelygenerated
submodules Setpartial or of Iai 入 u iff Mi E Mu Sinie for any Ma
and Mu there exists a finitelygenerated MntMu that contain Mn Mu assubmodule

thus I is a direct set

When Mx E Mu define fun Mi Mu as inclusion then Mn fun l is a
direct system For this we have YiMa M is inclusionmap

dg M入 二 M

Namely every
module is a direct limit of its finitelygenerated submodules

Proof Ty to prove it by yourself you will need to use the fact that
M UNEFMN

Where Fnn is the set of all finitely generated modules
Thisis exercise 17 of Sec2 of Atiyah Macdonald
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Pnp Fr direct system M入 fxu了 and R module N

lis M入 R N E lieMx RN

Proof Exercise 20 of Sec2 ofAtiyah Macdonald

I Inverse limit ofmodules

Def Fordirect index set I consider contravariant funitor
F I ModR

Wehave a family of modules Mi and Rmodule maps fu EHomNhMa
suchthat
1 For any 入 EI fx入二 idMa
2 or any 入 u V we have Tuofur fir
T Mi fau is called an inverse system

Def Fr inverse system Mi flu了 if there exist a module M and a family of
Rmodule maps 9入 M Mi such that
I Forany 入 M 9入二fxu9ui2CM 9入3 satisfies the following universal property
If there is an R module N and R module maps 火 N Ma st

入 M 4n fuYu then there is a unique Rmodule map O N Mst

4入二 4入0
王 O

yN9入

u
6M 4入MM
N
庆
M入 9八 t

MA
以

9MtMM
nut

M

Then M is called incense lining IM and we denote



Pry In Modra theinverse limit always exists
proof Takedirect product TaEI Ma and construct submodule as

S x E TaEI Mal fin Te xI Tx XI 入 M3
then limMi TEI Ma s
Completethis byyourself

Example Let I 2 o for i E I defineAbeliangroup Mi Z X i
When icj there is a canonical homomorphism

fij Mj Mi

PIXIt 511 pcxitcxI

This iswelldefined since i cxI

Theinverse limit is givenby

lin Mi 2EXIT

where ECXJJ aotaixt.it aunt lai EE The gi Zccx了了 Mi

is defined as truncation and then taking quotient

9i 2k akxk 2Èǒakxk x I

I Colimit and limit
Colimit direct limit inductive limit

limit inverse limit projective limit

Wewillonly provide definition of colimit since limit is a dual concept

If CColimit Consider two categories B and e and a functor

F B e

Wedefine a newcategory 0
Ob D C 4 where 4 is a family of morphisms

4 4B FCBI d 14B 4B0 F fB'BI fBB EHomB B1



FBl
FifB'B i
FIB 4ps

Morphism between Cd 41 and C 4'1 is defined as

g EHomcd C'l
such that 4后 9413 for all BE ObB

FCBI 4

FfB'Bl i g j
Fci 4的

If 0 has an initialobject A then A willbecalled colimit
li A

Since initialjeet if exists must be unique colimit if exists mustbeunique

Theorem 61 If C is a category for which coproductexists foranyobjects any
Ai B has wequalizer then when B is smallcategory the colimit of
functor F B e exists

Fr a functor G e C if it preserved coprodentand coequalizer then it
preserves colimit


