Chapter 2 Categories

2.6 Limit and Colimit
¢ Direct ond iaverse Jimits for modules
o Limit

o Colimit

@ Direvt limit of modues

Def CPoset) A /oarﬁla!lj ordered set Cposet) is o set I eseipped wivh o partiel order X7
1. %X F xel.
2. I x4y ond Yo, thn x=Y.

3. H ¥sY ond Y32, thn XXZ.

Exercise.. E"”('j peet (I, S) can be nyalded % o ategony:
1. 9T =T
2. Homex,y) = <1 § xxsy
Hom (x,y) = ¢, iff £ 3 Y
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Def. A direx set I o poser Swh st ary fin'te. subtet Aoy an wper bound .
Mere precise , L is a poset such ot farwy XY el, thre is o ze I suh
tht X<z ond Yy Sz,

Example. Every mtalka ordered set is direk set.

Counter exomple s diswete. paset 1%Y, B,--Y, whre we Mﬁ have.
<X, I<Y, sz, .-



Def (onsidor cateqary of diret set T and anepry Modn of R— modubes,
Q covariont funcior
F:' 1 — Mde
gies o faml\g of R-moddes IMabrer and modile mops {$an€ Hmmu,may b thot  stitisfy
L. For ey AG T, $on = idmy
2. Feor any AP &Y, we hae fyue fux =T
e call My, LY o dires system com we all F: T Made o direct syscun).

Def for a direct system  {My, fun}, i thre exists a modue M ond a got of"
R—module. mops {Px: My —— MY swh  +hot
L. For am A p, we fue Pr= Purfua.
2§ thre exi amther N € Mbda ord R-modue meps { iz mA — M)
suh thek for o ASM,we hwe Wa= Vuo fud, vhen thre ety o« unijue
gM— N swh the ¥a=J9n yieL. n
M M dog My Ay

fMJJ \‘KM ad N\)\y 3\5 & Ma
Mﬂ/ﬂu M; 2 %«i‘“ 4

Then M is alkd the direct dimiv of direst s {MA, Faul, od we denste
)i\g My = M.

Prop In Modp, che dire Limiv a]utags exigs.
Proof. Consider dives sum  Bxer Mg with  omonical mop L MR — M,
Grutrust  Submodule. & oy
3= < b (B0 — CAt) TAS M, G e My >
ond we de{tme, M = Bxer My /é) the Guotient map s 7 Bxter My —> M.

Then we define Pa=2ela = ma = Loma) +8, te UM, My - mY)
is the direct Limic.



We need +o checb. M Satc‘sf'fu wniviersol pwper‘t(lf

e SckerV | thus  there exdst o cnonicad Jg:-M—N
WA:'C\’V"LA 2\’;"[4&“'},&?\ ZW}L"'bL/\

'\V/kz '(\l;° ij E,
S € kenV
petie g: M ——— /N which is wel{-defived she & < Ker V.

o
m+s ——> pom

Swh a meb is wnigue | sine OV\()J Rims — N with hof = U mut
fwe hCmt2) = Yom) = gemt 8),

ExomPle 6.1. Gnsder a R-modde M, fMiljez is te set of off ﬁ'nikeg fenern'é%[
submodules - Set partial or af LI ar: A=A iﬁ'— Mr £ Mau. Sine for ””3 Ma
wd Mu, Hhere exints o fini-keld \Tmemfad Mat+Mu et oontain Ma ) My oS abmodules
this T is a direx set,

When My & My, ole;f'me. -F,u)(: M & Mu 0s inclsion, then My, Furl s o
direct system . For this we hme ( o MaA =M s incluion map):
.)(i'!’n MA = M.
/\/Dmelj, WJ module 1< a dirert Awmit of i fr‘m'te{i 5en€r0h"€0’ cu bmodudes
Prodf . Ty <o prove it b}) (\jwae/tj-, Yyou  will reed +o uge -the et Chat
m = UNGEFMN

whore Ty 13 the et of all finiely gemerated modules.
This s exercite 12 of Sec 2 o Atiyeh & Macdonold



PL"P for direw System { Mg, ',FM] wd R— module N :
S MA@ v = (L My) B V.
Prw* Exevcice 20 of Sec 2 of /4'6:7'/1 & Mordonald .

@) Inwerse fimit of modulzs

Def. For dirert index st I, omsider controvarfout functor
F: T —> Mode,
He fowe o fumily of moduot {MrY and R-modde mops § fru € Hom (Mu, M)}
suh thot
L. Fr om Ael, I = idm,
S, For oo A3V, we hae ji‘\/u’)c/“y = 76\,/
Ton My, Pl ts cled an inerie systom .

Db For imerie syston IMi, Taud, if dhore exits o modtl M and o fomih of
R-module mape 19 M — Mt swh -that
1. For o A, Ya= Hru Qs
2. (M, T9H Soutivf1es the -fo[{ow:'ny wniverse) property:
I et is an R—modle N ead R-modile mops f%: V= Ml ot
V)\‘Sji, Ya =V, thn thr i unigue  R- module map G: N->M s

W= @b
@y 5 M M ar b w
A A //Y\ Q?]\ -----------------------------------
/w/ LLM 9 \m,\ I NA\MA /,\
%MA N4: (?M T Y
Ma

Thmw M is wlled inverce Lmiz of [Mr], ond we dente
Lm MA = M,



Pep.  In Modr . dhe imevse Mim't alwuds exitfs .
procf.  Tohe dirss product Tlyer Mk ond  comstrwt cubmodde a4
S = {xeTuet M| iy Rutxl = Taox), AUl
then @M;\ = Txex Ma /€.
Complete this ba gjwrﬁelf.

Exomple. let L= Z,, , for i€ I, define fbdin gup M; = Z LT/ ().

When T<j, thwe is o coumwnicl homomorpkism

Ty My — A

po+ (00) > Py + (XY)
s o wll defined  sine (') = xb).
The inveree JAimit % givan "J

L M = Zx11
where  ZLLXT] = {0t Qg+ -t @aX - [0 €EZY. The @2 Ziex13 =~ M
is de{-?weA as tewnvation ond then tafru@ guptient .

Pr: Ty, Wk — DI g™+ (xh)

(M) GCodmit ond Amiv
o Gdimit = diret Limit = idactive Simit
o dmit = jnverse limiv = projective Mim it

We will 9"'/(1 provide definition of wlimit, cine Lwmt is a dual oncept.

Def C Codimic)  [onsides -two casegories B and C and « fumetor
FB—>C.
We define o new Category D
¢« 0P = 1CC,¥)) whwe Y iS @ fum.(lj @f- morPhisms
Y= (g Fe) —> & | Yo = Yyo Flfya) , ¥ fop € HmB 8) ]



F8) \We)
F(‘m’c)l ¢
Fe)
o Morphism botwsen  CC, %) and (C\¥') is defined ou
g c Hom ¢ 4 ) é,)
such that Vo =Yg for ol Be OB,
Fe) ,\H;

)

V
Fe’) Yy

T D hes on wed shiok A, then A will be aftd cobimit
J_iﬂF = A.
Sicce /nitial o%cot if exits, mugh be wAig U ; ooﬁ'm:‘t,if exitbs, mub be wnigee .

Theorem 61 . I-(; Cisa m&ejor{] for which coFmdAut exigts 'f'or Md a&jwts, omg
%B has we(iunlizek, then, when B i smedl categary the codimit  of

fuetor  F:B > C exivs |

Fr o fuctor G:C—>C, if i prservel cofmduwt ond coesenlzer, then i

pméey‘lh% cofimiJa .



