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Problem 1 Consider the following classical trajectory of an open string

X = Br,
X! = BcosTcoso,
X% = Bsin T coso,

X'=0,i>2,

and assume the conformal gauge condition.

(i) Show that this configuration describes a solution to the equations of motion for the field X*
corresponding to an open string with Neumann boundary conditions. Show that the ends of this string are
moving with the speed of light.

(ii) Compute the energy E = P° and angular momentum ] of the string. Use your result to show that

E? 1
= 2T = o

(iii) Show that the constraint equation T, = 0 can be written as
(9:X)? + (00 X)? =0, 9:X"9s Xy =0,

and that this constraint is satisfied by the above solution.

Solution.

(i) In the conformal gauge condition, the metric is 5 = et (o7) Nap and from Weyl symmetry, take
hyp = 1ap = diag(—, +), the equation of motion is

02 02
— ——)X"=0. 1
(80'2 aT2 ) ( )
For = 0, we have 92X? = 0 and 92X° = 0, thus equation of motion (1) is satisfied. For u = 1, we have
02X! = —BcosTcoso and 92X! = —B cos T cos o, this implies that (a‘% — a%)xl = 0. For u =2, we have
02X? = —BsinTcosc and 92X? = —Bsin T cos 0, this implies that (3—22 - a—22)X2 =0.Fory>2Xt=0
4 T a0 T

the equation of motion is trivially satisfied.
The Neumann boundary condition is 9y X¥|,—0,r = 0, this is trivial for the case X° and X",y > 2. For
=1 (0:X")y=0,7 = (~BcosTsinc)y—or = 0. For y =2, (3:X?)|y—0,x = (—BsinTsinc),—g = 0.
Recall that the speed of a string at point ¢ is

axi axz
— 2 v (24
ofe) = ey (X (), @
where c is the speed of light.
ax’ = —cososinT
X0~ ,
ax® = cososinT
dxo ’
this implied that
v(0) = cV/cos2osin® T + cos? o cos2 T = c| cos o, (3)

Thus for the endpoints of string o =0, 7, v = c.
(if)
7T
E=P'=T [ dod:X = T
0
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T
2= / do(X19,: X% — X2, X!
0

T
= T/ do(B? cos” cos® o + B*sin” cos® o)
0

T
= TBZ/ do cos® o
0
us
= _TB? 4
: @
This implies that
E*  T?B*r? PV
g FTEE T T

(iii) Note that the stress-energy tensor Ty is the variation of Lagrangian with respect the metric ¢*# with
a particular choice of normalization factor.

7.2 1 oL
LX‘B - T /77]1 5ga‘3 7
where £ = —%\/ —hh*P9, X - aﬁ X. Using the formula for variation of the determinant of a matrix M,

ddet M = det MTr(M~16M),

we have 1
Tap = 0uX - 0pX — Eh,,é/sh’ﬂfap( 295X (5)

Note that, here h,5 = 17,4 = diag(—, +). The equation of motion associated to the metric h*f is simply
Tup = 0.

T()o = aTX . aTX — 7700177587}( . 8(5X

= %(X2+X’2) =0 (6)
Ty = 9:X - 9, X — 11177°9, X - 95X

= %(XZ +X2)=0 7)
Top = 9:X - 9 X — 1701770, X - 95X

=X-X'=0 (8)

We thus completes the proof. To check that the trajectory given above is a solution, consider

X" = (B, —Bsintcosc, BcosTcosc,0, - ,0) 9)
XM = (0, —Bcostsino, —Bsintsing, 0, - ,0) (10)
We see that X- X’ =0and X2+ X2 =0 O

Problem 2 Consider the following classical trajectory of an open string

X0 =3At
X! = Acos3tcos3c

X% = Asinatcosbo

and assume the conformal gauge.

Problem 2 continued on next page. .. -2-
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(i) Determine the values of @ and b so that the above equations describe an open string that solves the
constraint Tyg = 0. Express the solution in the form

X' =XF(o™) + X (o).

Determine the boundary conditions satisfied by this field configuration.

(ii) Plot the solution in (X!, X?)-plane as a function of T in steps of 77/12.

(iii) Compute the center-of-mass momentum and angular momentum and show that they are conserved.
What do you obtain for the relation between the energy and angular momentum of this string? Comment
on your result.

Solution

(i) As we have shown in problem 1 (iii), the equation T, = 0 is equivalent to

X-X'=0 (11)
X2+ X%=0 (12)

Since X = (3A, —3Asin 3t cos3c,aA cosatcosbo) and X’ = (0, —3A cos 37 sin 3¢, —bA sin at sin br), sub-
stituting them into Egs. and (12), we have

9A? sin 37 cos 37 sin 3¢ cos 3¢ — abA? cos at sinat cos bosinbo = 0 (13)

—9A% + 9A?(sin 37 cos 30)% 4 a? A% (cos at cos bor)?
+9A?(cos3Tsin30)% + b A%(sinatsinbo)? = 0 (14)

We see that a = b = 3 is a solution of the above equations.

For the boundary condition, we see that X’ = (0, —=3A cos 37 sin 30, —bA sinat sin bo) which takes zero
value at o = 0, 71, thus satisfies the Neumann condition.

(ii)Here we plot the solution in (X!, X?)-plane for T = 0, 7t/12, 77/6, 7t/ 4, see Fig.

X x‘). \(Z X‘L
i) A A
A
z NI
\ | Tt Xy
X X 23 X 3%
T=o0 - > = . 2
iz 3 T= = = 12

Figure 1: The plot of solution in (xt, Xz)-plane fort=0,7/12,7t/6,71/4

(iii) The momenta of string are

TZEZ_T(X.X’) X, - (x?) XV, -
roooxr \/(X . X/)2 — X2x”2
- o (v
- aif,y :_T(X X/) Xuz (X )X;Q 1)
\/<X~X’) — X2Xx"?

Problem 2 continued on next page. .. -3-
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Py | 9Py
and the equation of motion is 4 + - = 0. The center-of-mass momentum is the integration of P over

strmg

7T
- /0 Pldo (17)
To prove it is conserved, consider
/ 3 Prdo = / —8,Pydr = —PS|F = 0. (18)

Note that here we have used the equation of motion and the boundary condition with which we have
Pj; = 0 at endpoints of string. The current corresponds to the Lorentz invariance is

My, = Xy Py — Xu Py (19)
the corresponding equation of motion is

MG, MG,

= 2
oT oo 0 (20)
From the current we can define the Lorentz charge
My, = / My (T, 0)do = / (XH’PJ - X,,P;) do (21)
The conservation law can be proved in a similar way as momentum.
d d
EMW = /a—TMZW(T o)d /a (t,0)do = My, (t,0)|;=g =0 (22)

where we have used the fact that M, is zero at string endpomts. The angular momentum is M;;. For

the given solution of sting, the only non-vanishing component of the angular momentum is M'2. By the
similar calculation as in Problem 1, we see that ] = |[M!2| and energy satisfy

J =a'E? (23)
O

Problem 3 Derive the equation of motion of Nambu-Goto action and show that
X% =2At
X! = Acos2t cos 20
X? = Asin2t cos 20
X' =0(i > 2) (24)

is a solution of the equation of motion.
Solution

The Nambu-Goto action is S = —T [ do? \/ (X - X')2 — X2X"2, the Lagrangian is

£=-T\(X-X')? - X°X",
from which we can calculate the momenta

oL T(X.X’) X), — (X’z) X,

= oxXH \/<X . X/)z _xexn , )
ar X-X')X,— (X)X,
,Pﬁ - oX'H - T(\/(X.)X,;z (Xzil;l. .

Problem 3 continued on next page. .. -4 -
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Then using the Euler-Lagrange equation 8“% = aaxﬁﬂ , we obtain the equation of motion
0P dPy 0 -
or ar @7)

Or equivalently £ = —T,/—det G,g = —T+/—G take the variation 6£/6d, X". Recall that the the variation
of a determinant det M of matrix M is

ddet M = det M tr(M~16M) = — det M tr(MoM™1).

We have
oL
KW - Or (28)
where
0L =-Tév—-G
= fT%\/—GG’J‘ﬁ(SG,Xﬁ
= (—TV—-GG*apX, )50, X". (29)
Thus the equation of motion is
9u(—TV—-GG*agX,,) = 0. (30)
Dropping the constant factor —T, we have
9a(V—GG*95X,) =0, G = detGyp. (31)
To show that
X0 =24t

X! = Acos2t cos20

X2 = Asin2T cos20

X =0(i > 2) (32)
is a solution. We choose to check the Eq. . To this end, let us first calculate
0 X" = (2A, —2Asin 27T cos 20,2 A cos 2T cos 20,0, - - - ,0) (33)
X! = (0, —2A cos 2T sin 20, —2A sin 2t sin 20,0, - - - ,0) (34)
and the metric tensor
Gup = 0o X - 9pX = ( _4A28m2 2 4A? s(i)n2 20 ) (35)

The determinant and inverse matrix of G, p 1s thus obvious since G,g is diagonal. Then for each vector
o Xt \ [ 2A —2Asin 2t cos 20 2A cos 2T cos 20 0 . 0 (36)
o Xt | 0 "\ —2Acos2tsin2c |’\ —2Asin2tsin2c J'\ 0 )" "\ 0

we have
V—G(—4A?sin?20) ! 0 Xt \
(97, 90) ( 0 V=CaAtsin?20)1 | | apxr | =0 (37)

fory=0,1,---,D —1 as expected. O
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