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Problem 1 Compute the mode expansion of an open string with Neumann boundary conditions for the
coordinates X0, . . . , X24, while the remaining coordinate X25 satisfies the following boundary conditions:

(i) Dirichlet boundary conditions at both ends

X25(0, τ) = X25
0 and X25(π, τ) = X25

π

What is the interpretation of such a solution? Compute the conjugate momentum P25. Is this momentum
conserved?

(ii) Dirichlet boundary conditions on one end and Neumann boundary conditions at the other end

X25(0, τ) = X25
0 and ∂σX25(π, τ) = 0

What is the interpretation of this solution?
Solution.
Since the equations of motion is ∂2Xµ = 0, we see that they are 26 independent equations. Thus they

can be solved in their own boundary conditions for each µ. For µ = 0, · · · , 24, they are open string with
Neumann boundary condition, thus the general solution is of the form

Xµ(τ, σ) = xµ + l2
s pµτ + ils ∑

m 6=0

1
m

α
µ
me−imτ cos(mσ). (1)

Now consider the case for µ = 25.
(i)The Dirichlet boundary condition X25(0, τ) = X25

0 and X25(π, τ) = X25
π . The equation of motion is

∂2X25 = 0.
The solution is familiar for us from partial differential equation course,

X25 = F(σ+) + G(σ−).

From boundary condition at σ = 0, X25(0, τ) = X25
0 , we see F(τ) + G(τ) = X25

0 , thus G(τ) = X25
0 − F(τ).

Now we can set the solution to be

X25(σ, τ) = F(σ+)− F(σ−) + X25
0 .

Now from the boundary condition at σ = π, X25(π, τ) = X25
π , we see F(τ + π)− F(τ + π)− X25

0 = X25
π .

Here, to introduce the Fourier expansion, we must first construct a periodic function H(λ) := F(λ− π) +
(X25

0 −X25
π )λ

2π , or equivalently F(λ) = H(λ + π)− (X25
0 −X25

π )(λ+π)
2π . It is easily checked that H(λ + 2π) = H(λ),

thus we can expand H(λ) as
H(λ) = ∑

n∈Z

βne−inλ.

To make H(λ) real, we have β−n = β∗n. Thus F(λ) = H(λ + π)− (X25
0 −X25

π )(λ+π)
2π = ∑n∈Z βne−in(λ+π) −

(X25
0 −X25

π )(λ+π)
2π .

Now we are at a position to give the general solution.

X25(σ, τ) =F(σ+)− F(σ−)− X25
0

= ∑
n∈Z

βne−in(σ++π) −
(X25

0 − X25
π )(σ+ + π)

2π
− ∑

n∈Z

βne−in(σ−+π) −
(X25

0 − X25
π )(σ− + π)

2π
+ X25

0

=− 2i ∑
n 6=0

βm(−1)ne−inτ sin(nσ) + X25
0 +

X25
π − X25

0
π

σ (2)

By setting αn := −2iβn(−1)nn/
√

2α′, we get the general solution

Xa = X25
0 +

X25
π − X25

0
π

σ +
√

2α′ ∑
n 6=0

1
n

αne−inτ sin(nσ). (3)
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(ii) To make things more convenient, we introduce σ̃ = π − σ. Then the form of equation of motion
remains unchanged (∂2

σ̃ − ∂2
τ)X25(σ̃, τ) = 0. Firstly, X25(σ̃, τ) = F(σ̃+) + G(σ̃−) and X25′ = F′(σ̃+) −

G′(σ̃−). The right boundary condition becomes ∂σ̃X25(σ̃ = 0, τ) = 0, we see that F′(τ) − G′(τ) = 0,
hereinafter the derivative is for σ̃. This boundary condition implies that we can take G(λ) = F(λ) + C.
Thus the solution can be taken as

X25(σ̃, τ) = F(σ̃+) + F(σ̃−) + C

The left boundary condition is now X25(σ̃ = π, τ) = X25
0 . This implies that F(τ + π) + F(τ − π) + C =

X25
0 . In a similar way as in (i), we introduce a new function H(λ) := F(λ− π) +

C−X25
0

2 . It’s easily checked
that H(λ + 2π) + H(λ) = 0, thus H(λ + 4π) = −H(λ + 2π) = H(λ), thus it is a periodic function with
period 4π. Thus we can take the Fourier expansion as

H(λ) = ∑
n∈Z

βne−inλ/2.

Then from H(λ + 2π) + H(λ) = 0,

H(λ) = ∑
n∈Z

βne−inπe−inλ/2 = − ∑
n∈Z

βne−inλ/2,

this implies that βn = 0 for n even. To make H(λ) real, we also have β−n = β∗n. Therefore H(λ) =

∑n∈Zodd
βne−inλ/2.

We now at a position to give the general solution. Since F(λ) = H(λ)− C−X25
0

2 = ∑n∈Zodd
βne−in(λ+π)/2−

C−X25
0

2 , we have

X(σ̃, τ) = F(σ̃+) + F(σ̃−) + C

=X25
0 + ∑

n∈Zodd

βne−in(σ̃++π)/2 + ∑
n∈Zodd

βne−in(σ̃−+π)/2

=X25
0 + ∑

n∈Zodd

e−inπ/2βne−inτ/22 cos(nσ̃/2) (4)

Now we can define αn = −2in e−inπ/2
√

2α′
βn, we obtain the general solution

X25(σ, τ) =X25
0 + i

√
2α′ ∑

n∈Zodd

1
n

αne−inτ/2 cos(nσ̃/2)

=X25
0 + i

√
2α′ ∑

n∈Zodd

1
n

αne−inτ/2 cos(n(π − σ)/2)

+X25
0 + i

√
2α′ ∑

n∈Zodd

1
n

αne−inτ/2ei(n−1)π/2 sin(nσ/2) (5)

Problem 2 Use the mode expansion of an open string with Neumann boundary conditions in Eq. ( 2.62)
and the commutation relations for the modes in Eq. ( 2.54) to check explicitly the equal-time commutators[

Xµ(σ, τ), Xν
(

σ′, τ
)]

=

[
Pµ(σ, τ), Pν

(
σ′, τ

)]
= 0

while [
Xµ(σ, τ), Pν

(
σ′, τ

)]
= iηµνδ

(
σ− σ′

)
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Hint: The representation δ
(
σ− σ′

)
= 1

π ∑n∈Z cos(nσ) cos
(
nσ′
)

might be useful.
Solution.
Recall the commutators

[α
µ
m, αν

n] = mηµνδm+n,0, (6)

[xµ, pν] = iηµν (7)

with all others zero. The momentum Pµ = TẊµ. The mode expansion of an open string with Neumann
boundary conditions is

Xµ(τ, σ) = xµ + l2
s pµτ + ils ∑

m 6=0

1
m

α
µ
me−imτ cos(mσ), (8)

the momentum takes the form

Pµ(τ, σ) = Tls ∑
m∈Z

α
µ
me−imτ cos(mσ), (9)

where α
µ
0 = ls pµ, T = 1/(2πα′) and l2

s = 2α′.

Firstly, for
[

Xµ(σ, τ), Xν
(
σ′, τ

)]
, in the mode expansion form

[xµ + l2
s pµτ + ils ∑

m 6=0

1
m

α
µ
me−imτ cos(mσ), xν + l2

s pντ + ils ∑
n 6=0

1
n

αν
ne−inτ cos(nσ′)]

=[xµ, l2
s pν] + [l2

s pµ, xν] + ls ∑
n 6=0

1
n

e−inτ cos(nσ′)[α
µ
0 , αν

n] + ls ∑
m 6=0

1
m

e−imτ cos(mσ′)[α
µ
m, αν

0]

+ ∑
m 6=0

∑
n 6=0

1
mn

e−i(m+n)τ cos mσ cos nσ′[α
µ
m, αν

n]

= ∑
m 6=0

∑
n 6=0

1
mn

e−i(m+n)τ cos mσ cos nσ′[α
µ
m, αν

n]

= ∑
m 6=0

∑
n 6=0

1
mn

e−i(m+n)τ cos mσ cos nσ′mηµνδm+n,0

=ηµν ∑
n 6=0

1
n

cos(−nσ)(cos nσ′)

=ηµν(
+∞

∑
n=1

1
n

cos(−nσ) cos nσ′ −
+∞

∑
n=1

1
n

cos(−nσ) cos nσ′)

=0, (10)

where we have used the property that 1
n cos(−nσ)(cos nσ′) is an odd function with respect to n.

Secondly, for
[

Pµ(σ, τ), Pν
(
σ′, τ

)]
, in the mode expansion form

[Tls ∑
m∈Z

α
µ
me−imτ cos(mσ), Tls ∑

n∈Z

αν
ne−inτ cos(nσ′)]

=T2l2
s ∑

m∈Z

∑
n∈Z

e−imτ cos(mσ)e−inτ cos(nσ′)[α
µ
m, αν

n]

=T2l2
s ∑

m∈Z

∑
n∈Z

e−imτ cos(mσ)e−inτ cos(nσ′)mηµνδm+n,0

=T2l2
s ηµν ∑

n∈Z

(−n) cos(−nσ) cos nσ′

=0, (11)
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here we again used the property that (−n) cos(−nσ) cos nσ′ is an odd function with respect to n.

Finally, for the case of
[

Xµ(σ, τ), Pν
(
σ′, τ

)]
, expanded in the oscillation modes

[xµ + l2
s pµτ + ils ∑

m 6=0

1
m

α
µ
me−imτ cos(mσ), Tls ∑

n∈Z

αν
ne−inτ cos(nσ′)]

=[xµ, Tlsαν
0] + l2

s Tτ ∑
n∈Z

e−inτ cos(nσ′)[α
µ
0 , αν

n]

+ il2
s T ∑

m 6=0
∑

n∈Z

1
m

e−imτ cos(mσ)e−inτ cos(nσ′)[α
µ
m, αν

n]

=Tl2
s [x

µ, pν] + il2
s T ∑

m 6=0
∑

n∈Z

1
m

e−imτ cos(mσ)e−inτ cos(nσ′)mηµνδm+n,0

=Tl2
s iηµν + il2

s Tηµν ∑
m 6=0

cos(mσ) cos(−mσ′)

=Tl2
s iηµν ∑

m∈Z

cos(mσ) cos(−mσ′)

=Tl2
s iηµνπδ(σ− σ′)

=iηµνδ(σ− σ′), (12)

as we expected.

Problem 3 Drive the Hamiltonian for closed and open string in mode expansions.

H =
+∞

∑
n=−∞

(α−n · αn + α̃−n · α̃n) , (13)

H =
1
2

+∞

∑
n=−∞

α−n · αn. (14)

Solution.
Firstly, consider L = T

2 (Ẋ2 − X′2), Pµ = δL/δXµ = TẊµ, the Hamiltonian density is

H = ẊµPµ −L =
T
2
(Ẋ2 + X′2). (15)

Let us first consider the closed string case.

Ẋµ = ∂+Xµ
L(σ

+) + ∂−Xµ
R(σ

−)

Xµ′ = ∂+Xµ
L(σ

+)− ∂−Xµ
R(σ

−)
(16)

where
∂−Xµ

R(σ
−) = ls ∑m∈Z α

µ
ne−2inσ−

∂+Xµ
L(σ

+) = ls ∑m∈Z α̃
µ
ne−2inσ+ (17)

From which we have

Ẋ2 = l2
s ∑

n,m∈Z

(α̃n · α̃me−2i(n+m)σ+
+ α̃n · αme−2i(nσ++mσ−) + αn · α̃me−2i(nσ−+mσ+) + αn · αme−2i(n+m)σ−)

X′2 = l2
s ∑

n,m∈Z

(α̃n · α̃me−2i(n+m)σ+ − α̃n · αme−2i(nσ++mσ−) − αn · α̃me−2i(nσ−+mσ+) + αn · αme−2i(n+m)σ−)
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Thus

H = Tl2
s ∑

n,m∈Z

(α̃n · α̃me−2i(n+m)σ+
+ αn · αme−2i(n+m)σ−)

Then integrating over σ and using the formula
∫ π

0 e−2ikσdσ = πδk,0, we have

H =
∫ π

0
Hdσ

= Tl2
s ∑

n,m∈Z

(α̃n · α̃m

∫ π

0
e−2i(n+m)σ+

dσ + αn · αm

∫ π

0
e−2i(n+m)σ−dσ)

= Tl2
s ∑

n,m∈Z

(α̃n · α̃me−2i(n+m)τπδn+m,0 + αn · αme−2i(n+m)τπδn+m,0)

= ∑
n∈Z

(α−n · αn + α̃−n · α̃n) (18)

as expected.
For the open string, the procedure is completely the same.

2∂±Xµ = Ẋµ ± Xµ = ls
∞

∑
m=−∞

α
µ
me−im(τ±σ), (19)

from which we have

Ẋµ = ls ∑
m∈Z

α
µ
me−imτ cos mσ

Xµ ′ = −ils ∑
m∈Z

α
µ
me−imτ sin mσ (20)

These implies that

Ẋ2 = l2
s ∑

m,n∈Z

αn · αme−i(m+n)τ cos mσ cos nσ

X′2 = −l2
s ∑

m,n∈Z

αn · αme−i(m+n)τ sin mσ sin nσ (21)

Therefore, the Hamiltonian density is

H =
T
2

l2
s ∑

m,n∈Z

αn · αme−i(n+m)τ cos(m + n)σ, (22)

Then by integrating over σ and using the formula
∫ π

0 cos kσ = πδk,0, we obtain

H =
∫ π

0
Hdσ

=
T
2

l2
s ∑

m,n∈Z

αn · αme−i(n+m)τ
∫ π

0
cos(m + n)σ

=
T
2

l2
s ∑

m,n∈Z

αn · αme−i(n+m)τπδm+n,0

=
1
2 ∑

n∈Z

α−nαn (23)

as expected.
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Problem 4 Prove the Poisson bracket for Virasoro generators

[Lm, Ln]PB = −i(m− n)Lm+n. (24)

Solution.
This can be proved by directly calculating, to do this let us first calculate

[Lm, αν
s ]PB

=
1
2 ∑

k∈Z

[α
µ
m−k(αµ)k, αν

s ]PB

=
1
2 ∑

k∈Z

(α
µ
m−k(−iη ν

µ kδk+s,0)− i(m− k)ηµνδm−k+s,0(αµ)k)

=isαν
m+s (25)

Now consider the commutator

[Lm, Ln]PB

=
1
2 ∑

p
[Lm, α

µ
n−p(αµ)p]PB

=
1
2 ∑

p
α

µ
n−p[Lm, (αµ)p]PB + [Lm, α

µ
n−p]PB(αµ)p

=
1
2 ∑

p
(α

µ
n−pip(αµ)m+p + i(n− p)αµ

m+n−p)(αµ)p

=
1
2 ∑

p′
i(p′ −m)αn+m−p′ · αp′ +

1
2 ∑

p
i(n− p)αm+n−p · αp

=− i(m− n)Lm+n, (26)

Note that in the last step we have introduced p′ = m + p and changed the dummy summation subscript p′

to p.

Problem 5 Drive the formula for Lorentz generators

Mµν = xµ pν − xν pµ − i
∞

∑
n=1

1
n

(
α

µ
−nαν

n − αν
−nα

µ
n

)
(27)

and the commutator
[Lm, Mµν] = 0 (28)

Solution.
For Lorentz generators, recall that the density isMµν = XµPν − XνPµ

Mµν =
∫ π

0
Mµνdσ = T

∫ π

0

(
XµẊν − XνẊµ

)
dσ

Now for the mode expansion of open string

Xµ(τ, σ) = xµ + l2
s pµτ + ils ∑

m 6=0

1
m

α
µ
me−imτ cos(mσ) (29)

Ẋν(τ, σ) = l2
s pν + ls ∑

n 6=0
αν

ne−inτ cos(nσ) (30)

Problem 5 continued on next page. . . – 6 –
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and T = 1/
(

πl2
s

)
. A short calculation gives

Mµν = xµ pν − xν pµ − i
∞

∑
m=1

1
m

(
α

µ
−mαν

m − αν
−mα

µ
m

)
Note that here we have used

∫ π
0 cos mσ cos nσ = π

2 (δm,n + δm,−n).
For the commutator, recall that [Lm, αν

s ]PB = isαν
m+s as what we have shown in Eq. (25), quantum

mechanically i[·, ·]PB → [·, ·], it becomes [Lm, αν
s ] = −sαν

m+s and we can also calculate [Lm, xν] = −ilsαν
m and

[Lm, pν] = 0. Thus

[Lm, Mµν] =[Lm, xµ pν]− [Lm, xν pµ]− i
+∞

∑
n=1

1
n
[Lm, α

µ
−nαν

n − αν
−nαν

n]

=− ils(α
µ
m pν − αν

m pµ)− i
+∞

∑
n=1

(α
µ
m−nαν

n − α
µ
−nαν

m+n + αν
−nα

µ
m+n − αν

m−nα
µ
n)

=− i(αµ
mαν

0 − αν
mα

µ
0 )− i

+∞

∑
n=1

(α
µ
m−nαν

n − α
µ
−nαν

m+n + αν
−nα

µ
m+n − αν

m−nα
µ
n) (31)

For m = 0, it is obviously equal to 0.
For m 6= 0, the right hand side of Eq. (31) is

RHS =− i(αµ
mαν

0 − αν
mα

µ
0 )− i

∞

∑
n=1

(α
µ
m−nαν

n − αν
m−nα

µ
n)− i

∞

∑
n=1

(−α
µ
−nαν

m+n + αν
−nα

µ
m+n)

=− i(αµ
mαν

0 − αν
mα

µ
0 )− i

m−1

∑
n=1

(α
µ
m−nαν

n − αν
m−nα

µ
n)− i(αµ

0 αν
m − αν

0α
µ
m)+

[−i
∞

∑
n=m+1

(α
µ
m−nαν

n − αν
m−nα

µ
n)− i

∞

∑
n=1

(−α
µ
−nαν

m+n + αν
−nα

µ
m+n)]

(32)

We see that the first term cancels the third term and the second and the last terms both equal to zero, thus
we complete the proof.
————————————————
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