Zhian Jia | BA17038003 String theory Homework 04

Problem 1 Prove that the generators of Poincaré group obey

[DJy: iﬂuPlKﬁ]:—4Kw{KwPﬂ :2iQWﬂ3+]W)

[K;u ]vp: =—i (Wvap - WMpKv>
[Pw]w} =i (vap - WVPPV)

[]]/n// ]p(f_ = —i (va]ya + Uya]vp - 77;4,0]1/(7 - 771/17]}!,0)

and the rest vanish.
Solution. Recall that P, = —id,, D = —ix"0y, Jyy = —i(x,0y — x,9;,) and K, = —i(2x,x7 9y — xza},).
For the dilation and translation

(D, Pu] = =x"0,8, + 3,29,
— x'9,9y + 643y + x"9,3
— i(—id,) = iPy. (1)

For the dilation and special conformal transformation

{D,KH} = — x"0y (2%, 270y — x20y,) + (22, x70y — x%3y,) X"y
= —2x,x70y — 2x(x-9)(x-9) + 2x28,4 + x”xzavay +2x,(x-9)(x-9) — x2ay - xzxvayav
= —2x,x70, + x?0), = —iK,, (2)

For the special conformal transformation and translation

{Ky, PV} = — (2x,x70y — xzay)av + 0y (2xx79y — x2ay)
= — 20, X7 D0y + X203 dy + 207X g + 2x,0y + 2x,x70y e — 22,y — X270,y
=217y x% 9y + 22,0, — 2x,0y,

For the special conformal transformation and Lorentz rotation
{Ky,],/p} = — (2xx70s — x28y)(xvap — Xp0y) + (X0p — X0y ) (2%, X7 0 — xza},)
= — 2x,xy0p — 2x;, X7 x,050p + 22, Xp0y + 2x, X7 X050y
+ xznwap + xzxva},ap - xziy},pav - xePa,,av
+ 2%y 1pux7 95 + 2Xy X 0p + 2Xy X X7 0p0 — 2, Xp0y — xvxzapa,,
— 21y X705 — 2Xpx 0y — XpXux7 0,0 + 2Xpx,0y + xpxzavay
= — 1uv (xpx7 95 — x%0p) + 1o (24X — x%0)
=—1i (Wvap - WﬂpKv) “4)
For the translation and Lorentz rotation
(P Jup| = = (@ — %00 + (39 — %59,)3y
= = Huwdp — Xy9ydp + MupOy + Xp0ydy + Xy 90y — Xpdydy
= — Nuw0p + Nupdy = —i (Wyvpp - 77]4pP1/> 5)

Problem 1 continued on next page. .. -1-



Zhian Jia | BA17038003 String theory Homework 04

For the last one,
[]IW']PU} = (—i)? {xyav — X0y, XpOg — x(,ap}
— (=) ((_i) [x},av, xpa(,} — (i) [x},a,,, xgap} — (i) [xvau,xpaa} + (=) [xvay,xgapD
Since it has some symmetry, we only need to work out the first term
{xyav, xpag} =x40y(Xp9r) — Xp0¢ (X10v)
=XuMypOc + XuXp0yds — XpNopOy — XpXy g0y

by permuting the indices, we have

X9y, XpOu | = NupXyOo — NopXpOy
x’,[ay, xg'ap - ﬂyg'x’,[ap - ﬂpl,{any
|:x1/ay, x‘oag:| - ﬂyprag' - ﬂgyx‘gay

Xy, Xg0p | = NuoXy0p — Npv Xy

Finally we get

[]yv/]pa} =—1i <77vp(_i) (xyaa - xaay) - U;tp(_i> (xv9¢ — Xg0v) — Nyor(—i) (xﬂap - xpaﬂ) + WHU(_i) (xvaﬂ - xPaV)>
=—1i (UVP]W = upJve = Nvo Jup + WUJVP) @)

Since the proof of other vanishing commutators are of completely the same philosophy, we won't repeat
it here. O

TA% | BA17038003 | April 15, 2020




	Problem 1

