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Problem 1 Prove that the generators of Poincaré group obey[
D, Pµ

]
= iPµ,

[
D, Kµ

]
= −iKµ,

[
Kµ, Pν

]
= 2i

(
ηµνD + Jµν

)
[
Kµ, Jνρ

]
= −i

(
ηµνKρ − ηµρKν

)
[

Pµ, Jνρ

]
= −i

(
ηµνPρ − ηµρPν

)
[

Jµν, Jρσ

]
= −i

(
ηνρ Jµσ + ηµσ Jνρ − ηµρ Jνσ − ηνσ Jµρ

)
and the rest vanish.

Solution. Recall that Pµ = −i∂µ, D = −ixµ∂µ, Jµν = −i(xµ∂ν − xν∂µ) and Kµ = −i(2xµxσ∂σ − x2∂µ).
For the dilation and translation [

D, Pµ

]
= −xν∂ν∂µ + ∂µxν∂ν

− xν∂ν∂µ + δν
µ∂µ + xν∂ν∂µ

= i(−i∂µ) = iPµ. (1)

For the dilation and special conformal transformation[
D, Kµ

]
=− xν∂ν(2xµxσ∂σ − x2∂µ) + (2xµxσ∂σ − x2∂µ)xν∂ν

=− 2xµxσ∂σ − 2xµ(x · ∂)(x · ∂) + 2x2∂µ + xνx2∂ν∂µ + 2xµ(x · ∂)(x · ∂)− x2∂µ − x2xν∂µ∂ν

= −2xµxσ∂σ + x2∂µ = −iKµ (2)

For the special conformal transformation and translation[
Kµ, Pν

]
=− (2xµxσ∂σ − x2∂µ)∂ν + ∂ν(2xµxσ∂σ − x2∂µ)

=− 2xµxσ∂σ∂ν + x2∂µ∂ν + 2ηνµxσ∂σ + 2xµ∂ν + 2xµxσ∂ν∂σ − 2xν∂µ − x2∂ν∂µ

=2ηνµxσ∂σ + 2xµ∂ν − 2xν∂µ

=2i(ηµνD + Jµν) (3)

For the special conformal transformation and Lorentz rotation[
Kµ, Jνρ

]
=− (2xµxσ∂σ − x2∂µ)(xν∂ρ − xρ∂ν) + (xν∂ρ − xρ∂ν)(2xµxσ∂σ − x2∂µ)

=− 2xµxν∂ρ − 2xµxσxν∂σ∂ρ + 2xµxρ∂ν + 2xµxσxρ∂σ∂ν

+ x2ηµν∂ρ + x2xν∂µ∂ρ − x2ηµρ∂ν − x2xρ∂µ∂ν

+ 2xνηρµxσ∂σ + 2xνxµ∂ρ + 2xνxµxσ∂ρ∂σ − 2xνxρ∂µ − xνx2∂ρ∂µ

− 2xρηνµxσ∂σ − 2xρxµ∂ν − xρxµxσ∂ν∂σ + 2xρxν∂µ + xρx2∂ν∂µ

=− ηµν(xρxσ∂σ − x2∂ρ) + ηµρ(xνxσ∂σ − x2∂ν)

=− i
(

ηµνKρ − ηµρKν

)
(4)

For the translation and Lorentz rotation[
Pµ, Jνρ

]
=− ∂µ(xν∂ρ − xρ∂ν) + (xν∂ρ − xρ∂ν)∂µ

=− ηµν∂ρ − xν∂µ∂ρ + ηµρ∂ν + xρ∂µ∂ν + xν∂ρ∂µ − xρ∂ν∂µ

=− ηµν∂ρ + ηµρ∂ν = −i
(

ηµνPρ − ηµρPν

)
(5)
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For the last one,[
Jµν, Jρσ

]
= (−i)2

[
xµ∂ν − xν∂µ, xρ∂σ − xσ∂ρ

]
= (−i)

(
(−i)

[
xµ∂ν, xρ∂σ

]
− (−i)

[
xµ∂ν, xσ∂ρ

]
− (−i)

[
xν∂µ, xρ∂σ

]
+ (−i)

[
xν∂µ, xσ∂ρ

])
Since it has some symmetry, we only need to work out the first term[

xµ∂ν, xρ∂σ

]
=xµ∂ν(xρ∂σ)− xρ∂σ(xµ∂ν)

=xµηνρ∂σ + xµxρ∂ν∂σ − xρησµ∂ν − xρxµ∂σ∂ν

=
(

ηνρxµ∂σ − ησµxρ∂ν

)
(6)

by permuting the indices, we have [
xµ∂ν, xρ∂σ

]
= ηνρxµ∂σ − ησµxρ∂ν[

xµ∂ν, xσ∂ρ

]
= ηνσxµ∂ρ − ηρµxσ∂ν[

xν∂µ, xρ∂σ

]
= ηµρxν∂σ − ησνxρ∂µ[

xν∂µ, xσ∂ρ

]
= ηµσxν∂ρ − ηρνxσ∂µ

Finally we get[
Jµν, Jρσ

]
=− i

(
ηνρ(−i)

(
xµ∂σ − xσ∂µ

)
− ηµρ(−i) (xν∂σ − xσ∂ν)− ηνσ(−i)

(
xµ∂ρ − xρ∂µ

)
+ ηµσ(−i)

(
xν∂ρ − xρ∂ν

))
=− i

(
ηνρ Jµσ − ηµρ Jνσ − ηνσ Jµρ + ηµσ Jνρ

)
(7)

Since the proof of other vanishing commutators are of completely the same philosophy, we won’t repeat
it here.
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