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Problem 1 Derive the OPE .

What does this imply for the conformal dimension of X*?
Solution. Recall that T = —2 : 9X - 9X :, then we have

T(z) X" (w, @) = =2 :0X-9X : X(w, @).
The trick we are going to use is the Wick theorem, thus, we need to deal with the contraction (0X*(z) X" (w)).
Notice that

(XF(2,2) X" (0,@)) = — 1 (In(z — w) + In(z — @),

from which we have

Using this contraction, we have

T(z) X! (w, @) = — 2 : 0X - 9XX(w, @) : —40X" (2)(0X, (z) X" (w, ®))
— BL(Z) + ... (1)

Z—w
Notice that afﬁgj) = BXEYZ”’) + -+, we thus have T(z)X¥(w, @) ~ 2-0X"(w,®) + - - -. This means that
the conformal dimension of X* is h = 0. O

Problem 2 (i) Use the result of the previous problem to deduce the OPE of T(z) with each of the following
operators:
oXH(w, ) oXM(w, @), *XH(w,d)

(ii) What do these results imply for the conformal dimension (h, h) (if any) in each case?
Solution. (i) The result can be directly take the derivatives over w and @ with T(z)X"(w,®) ~
—L-0X"(w, @) + - - -. The results are
OXH(w)  92XH(w)
T(z)oX* =
@) = T + T

T(2)3X" (w) = XX @ 0)

w 2 w 3 w
T(2)0*XH (w) = z(g}iyfu)g 2(82 }_Wa())z) aZX_ﬂ(w) 4o

(ii)For an operator O with conformal dimension (h, fl), the OPE with T and T takes the form

O(w,w) | 90 (w,m)

T(z)O(w, @) = AR ) ..
T(z2)O(w, @) = +]5§9Z(_wwz§2) n aoi(jué]w) L

To determine, we also need to calculate the following terms

_ oXH(w) N 92 XM (w) N

T(2) X" (w, @) G—af ' i

By taking derivatives, we obtain the similar result as the above, but we won’s do it here.
Thus from the result of (i), we can only infer the conformal dimesnion / of each field. For three fields
oXH(w, @) XM (w, @), 9*°XH(w,®), they are respectively 1, 0 and 2.
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Problem 3 Show that

[ ] = [@h, @8] = mpGpno, [l @] =0

by using the OPE of the field X" (z,z) with itself and with 0X*(z,z)
Solution. Recall that the derivatives of X¥(z) are

0XH(z,2) = —72% =l 99X (z Za’;z— -
n

it follows that 1 1
r= — }{dzzmaxi‘(z,z), i, = P fdzzméxﬂ(z,z),

where integration is performed over some contour around z = 0 pole point.
Thus we have

{ngﬂl’éﬂ = % 74 %dzdwzmw” (0X"(z,2)0X" (w, W) — 0X"(w, )dX¥(z,2)) = my"’Spyno-

Note that here we have used the result
n
XH(z,2) X" (w,w) = ———(In(z — w) + In(z — @)).

Doing the same kind of calculation, we also have {ﬁfn,ﬁ”} = my* Sp4n0-

For the case of [am,N ] = 0, taking derivative with z and @ of Eq. (H) we have
0X"(z,2)0X" (w, @) = 0.
Therefore, we have

am, —f%dzdwz " BXV( 2)0X" (w, @) —éXV(w,zZJ)BX”(Z,Z)) =0

Problem 4 Consider a conformal field ®(z) of dimension & and a mode expansion of the form

P(z) = )

nez

D,
Znth’

Using contour-integral methods, like those of Exercise 3.2, evaluate the commutator [Ly,, ®,].
Solution. Recall that from the energy-momentum tensor we have

1
Thus we have the following result
(L, ® fd Z -1 ,%dwT(w)@(z)me
2mi Jr

where I is some contour of w around z.
Recall that OPE for T(z) and ®(z,2) is T(z)®(w, @) =
formula to do the integration, we obtain

(z—w)?

(L, @y] = 2Lm ]{dzz’”hfl (h(m +1)z2"®(z) +zm+18q>(z))

@

®)

)

©)

D(w,w) + Z_Lwacb(w,w) + ..., using this

(6)

Problem 4 continued on next page. ..
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From the Laurent expansion
@
Lnth’

D(z) = )

nez
we see that . .
_ n+h—1 el n+h _
P, = 7o fdzd>(z)z = %dzacb(z)z (n+h)®,

Substituting the result into Eq. (6), we obtain
1 n+h—1 m m+1
Efdzz ((m +1)2"®(2) + 2" 10®(2) ) = —(n -+ m(1 — 1))@y
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