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Problem 1 Drive the commutation relations

1 .
Ui IR = Skmo™P 0 +ifEP T

for generators of Kac-Moody algebra
Solution. Since [4(z) = ¥,c7 Z,{,% and JB(w) = ¥,cz w{,—%l, we have
= s f Az, T = 5 f P ) )
" 2mi T 2mi '
Recall the OPE B AB1C
ko ifeP ] (w)
R{J4 B ~ c
{J7(2)]"(w)} e wrt i T @)

where, for clarity, we have stress the radial ordering operator, which we denote as R. These results imply
that

418 = 5§tz f dw(A @2 P ) - [Py 4(2)2")
= ﬁ j{dZﬁ j{dwzmw”R{]A(z)zm]B(w)} @)

1 1 ksAB ifABTC (w)
= — ddz— ¢ dwz"w" c
27ri% ZZm’% v (2(2 —w)? T T )

1 1 ksAB ifAB Zl 7 ]CZ—(Z—H)
_ — d — f\d m n C < l te
27'(1% o AR (Z(Z—w)2+ z—w o)
1 .
= 5km5ABf5m+n,0 + lfé‘B]%+n' 4)
Note that, here, the integration of z is over the contour around z = w, and the integration of w is over the
contour around w = 0. O
Problem 2 Derive the central charge ¢ = klilrir;l‘f for the energy-momentum tensor T(z) = k+171c iir:“lG :
JAZ) A (2) -
. . A ]A
Solution. Since | (z) = ¥cz 1 , we have
i = 5 f 1 )2 ®
e 2 '
By definition, we have
1
T fz"HT(z)dz (6)

From the expression of T(z) and mode expansion of J4(z) we have

A=1 \I<-1

_ 1 dim G o o
bn = m 2 (2 Ji ]n*l+l>271]n71]l . )

Using the OPE of energy-momentum tensor with itself,

T()T(w) = C_/i)4 + (57;(232 + aZTEZ:U) .

we obtain that

c
(Lo Ln] = (m = 1) Lyin + 75 (% =) Spring ®)
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Then consider the expectation of L,L_, over vacuum state |0), and using the fact L_,|0) = k+ D ydimG 1A JA |0),
we have
5 = 0lLaL20) = (s 1 (o it A4 o) ©)
it 5 (ol [ o) (o] 2] o)) L
Gt "B (B R D) ex{ofr o) k)
= G i i L ( C,DfBACfCAD <o 2] | o> + 21&5“) (12)
= (Z(k—il-fl(;))z ;B (— L fRACFEAPKSED 4 2k2§BA) (13)
= (Z(ki%))2 (%;Zfzck + ;218) = 2?’?% (14)
This implies that ¢ = kdimG, O

k+hg *
Problem 3 Show that the central charge is

cre(€,A) = —2e(6A2 —6A +1)
for the ghost field energy-momentum tensor

Tpe(z) = =A:b(2)dc(z) : —e(1 —A) : ¢(2)db(z) :

Solution. Firstly, recall that c(z)b(w) ~ - 1w

(z)c(w) %5, we have

b(z)ac(w) ~ ¢ fw)z (15)
W(z)e(w) ~ — _ew)z (16)
c(z)2b(w) ~ = 1w)2 (17)
3e(2)b(w) ~ —(Z_lw)Z (18)
de(2)9b(w) ~ —(Z_2w)3 (19)
b(2)dc(w) ~ —(Zfew)g (20)
Using the OPE of energy-momentum tensor with itself,
T()T(w) = —/2_ 4 2Tw)  Tw)

(z-—w)* (z—w)? z—-w

we see that to determine c, only (z — w)~* term are of interest.

Problem 3 continued on next page. .. -2-



Zhian Jia | BA17038003 String theory Homework 06

To calculate Tj.(z) Ty (w), it’s sufficient for us to work us the following terms

:b(2)dc(z) = b(w)dc(w) := —e(z — w)~* + regular terms + other singular terms (21)
:b(2)dc(z) = c(w)db(w) := —2€(z — w) ~* + regular terms + other singular terms (22)
1 ¢(2)0b(z) = b(w)dc(w) := —2€(z — w) ~* + regular terms + other singular terms (23)
1 ¢(2)0b(z) :: c(w)db(w) := —e(z — w)~* + regular terms + other singular terms (24)
(25
Combining these results and the expression of Ty, we have ¢, = —2€(6A% — 64 +1). O
Problem 4 Derive the following OPE
. . . 1
T(z)jp(w) —m]B(w) + . waw]B(w) + E )3awc(w)
D (26)
D_y4
+ z= w)4c(w)

Prove that by adding a term 3/29%¢c(z) to the above jp, the new BRST current has conformal dimension
(1,0) at critical dimension D = 26.
Solution. Recall that
T(z) = Tx(2) + Tyc(2)

where Tx(z) = —2: 39X -9X : and Ty (z) = —2 : b(2)3c(z) : + : (2)ab(z) :, and the current is
jo(2) = c(z) (Tx(z) + 3Tel2)) . @)
Then, we have
T()in(w) ~Tx (E)e() () + Te(2)e(e)  Taw) + 3 Ticlo) )

2
() (( D/2_ | 2Tx(w) aTX(w)>

z—w)*  (z—w)?  z-w (28)
+ Tx(w) (‘ (Zcﬁu;),)z + (3{12)) + %Tbc(z)c(w)Thc(w)
where 1
5 Toe(2)¢(w) Ty (w) =(c(2)(9b(2)) — 2b(2)9c(2)}[e(w) (¢(w)0b(w) —2b(w)dc(w))b(w)]
N(@ij)zjw&mg(@ij)(wijw>dw)
1 1 1 (29)
— 20, ((z—w)2> ac(w) + 20, <Z_wawz — w> c(w)
cTye(w d (cTye) (w
e )
Note that we have used the result
Tye(2)e(w) ~ —0) . Jucl) 0)

Problem 4 continued on next page. .. -3-
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and
1 9.b(z)

zZ—w zZ—w

Toe(2)b(w) ~ 2b(2)0:(
Substituting Eq. to Eq. (28), we obtain that

T(z)jp(w) = (

z
D
i_4

Now consider the new BRST current

ja(2) = c(2)Tx(2) + 5 : e(2) T () : +32%c(2)

= c(2)Tx(z)+ : b(z)c(z)oc(z) : —l—gazc(z)

We have the OPE D%
T(z)j ~
(@)jn(w) ~ 3¢

z—w)

We see that when D = 26, we have

w

T(z)jp(w) ~ (

zZ—w)

Recall that for field with conformal dimension (, 1) we have

T(z)O(w, @) = +h8(iv,wd)2 N a(z(_w,ww)
T(z o\ — -O(w,@) 90(w, @)
T(2)O(w, w) = the et %

Which means that for j;, the conformal dimension & = 1.
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