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Problem 1 Prove that
D̄Yµ = ψ̄µ + θ̄Bµ − θ̄ρα∂αXµ +

1
2

θ̄θ∂αψ̄µρα (1)

Solution.
Recall that D̄A = − ∂

∂θA − (θ̄ρα)A∂α and Yµ(σα, θA) = Xµ(σα) + θ̄ψµ(σα) + 1
2 θ̄θBµ(σα), we have

D̄AYµ =(− ∂

∂θA
− (θ̄ρα)A∂α)Yµ

=(− ∂

∂θA
Yµ) + (−(θ̄ρα)A∂αYµ)

=(0 + ψ̄
µ
A + θ̄ABµ) + (−θ̄ρα∂αXµ − (θ̄ρα)A∂α θ̄ψµ(σα) + 0)

(2)

We have used the fact that, for two-dimensional Grassman algebra, product of three or more Grassman
number must vanish. Let us now consider the term (θ̄ρα)A∂α θ̄ψµ(σα).

(θ̄ρα)A∂α θ̄ψµ(σα) =θC(iρ0)CDρα
DA θ̄E∂αψ

µ
E

=(iρ0)CDρα
DA(−

1
2

δCE θ̄FθF)∂αψ
µ
E

=− 1
2

θ̄θ∂αψ̄µρα (3)

Substitute this into the original equation, we obtain

D̄Yµ = ψ̄µ + θ̄Bµ − θ̄ρα∂αXµ +
1
2

θ̄θ∂αψ̄µρα (4)

Problem 2 Derive the mass formulas for states in the R and NS sector of the RNS open superstring.
Solution.
Let us first consider R sector, the zero mode Virasoro constraint for aR = 0 is

L0 − 0 = 0,

where the Virasoro operator is given by

L0 =
1
2

α2
0 + N, (5)

where number operator is
N = ∑

n>0
αi
−nαi

n + ∑
n>0

ndi
−ndi

n. (6)

Therefore the mass formula is
α′M2 = ∑

n>0
αi
−nαi

n + ∑
n>0

ndi
−ndi

n. (7)

Let us now consider the NS sector, zero-mode Virasoro constraint with aNS = 1
2 is

L0 −
1
2
= 0 (8)

where Virasoro operator L0 is given by

L0 =
1
2

α2
0 + N (9)

with number operator
N = ∑

n>0
αi
−nαi

n + ∑
r>0

rbi
−rbi

r (10)

Therefore we get mass formula

α′M2 = N − 1
2

(11)

– 1 –



Zhian Jia | BA17038003 String theory Homework 09

Problem 3 Prove that for R sector

[Lm, Ln] = (m− n)Lm+n +
D
8 m3δm,−n

[Lm, Fn] =
(

m
2 − n

)
Fm+n

{Fm, Fn} = 2Lm+n +
D
2 m2δm,−n

(12)

Prove that for NS sector

[Lm, Ln] = (m− n)Lm+n +
D
8 m

(
m2 − 1

)
δm,−n

[Lm, Gr] =
(

m
2 − r

)
Gm+r

{Gr, Gs} = 2Lr+s +
D
2

(
r2 − 1

4

)
δr,−s

(13)

Solution. For R sector, recall that Lm = L f
m + Lb

m, the bosonic part obey the usual Virasoro commutation
relations,

[Lb
m, Lb

m] = (m− n)Lm+n =
D
12

(m3 −m)δm+n,0. (14)

Let us calculate the fermionic part.

L f
m =

1
2

 ∑
k≥−m/2

(k +
m
2
)d−kdm+k + ∑

k<−m/2
(k +

m
2
)dm+kd−k

 (15)

From which we have

[L f
m, L f

n] =
1
4

 ∑
k≥−m/2

(k +
m
2
)d−kdm+k + ∑

k<−m/2
(k +

m
2
)dm+kd−k

 ∑
l≥−n/2

(l +
n
2
)d−ldn+l + ∑

l<−n/2
(l +

n
2
)dn+ld−l


− 1

4

 ∑
l≥−n/2

(l +
n
2
)d−ldn+l + ∑

l<−n/2
(l +

n
2
)dn+ld−l

 ∑
k≥−m/2

(k +
m
2
)d−kdm+k + ∑

k<−m/2
(k +

m
2
)dm+kd−k


(16)

Using the commutation relation {dµ
n , dν

m} = ηµνδm+n,0, we obtain that

[L f
m, L f

n] = (m− n)L f
m+n +

D
24

m3 +
D
12

m. (17)

Since L f
m and Lb

n commutes (they origin from independent freedoms of the theory), thus we have

[Lm, Ln] = [Lb
m, Lb

m] + [L f
m, L f

n] = (m− n)Lm+n +
D
8

m
(

m2 − 1
)

δm,−n. (18)

Recall that

Fm =

√
2

π

∫ π

−π
dσeimσ J+ = ∑

n∈Z

α−n · dm+n (19)

We have

[Lm, Fn] = ∑
k∈Z

[Lm, α−kdn+k]

= ∑
k∈Z

(α−k[Lm, dn+k] + [Lm, α−k]dn+k (20)

Since we have

[Lm, α
µ
−k] = [Lb

m, α
µ
−k] = −kα

µ
m−k (21)
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[Lm, dµ
n+k] = [L f

m, dµ
n+k] = (

3m
2

+ n + k)dµ
m+n+k (22)

Substituting them into the original equation, we obtain that

[Lm, Fn] =

(
m
2
− n

)
Fm+n (23)

For the last one,

{Fm, Fn} = ∑
k∈Z

∑
l∈Z

{α−kdm+k, α−ldn+l}

= ∑
k∈Z

∑
l∈Z

α
µ
−kdm+k,µαν

−ldn+l,ν + αν
−ldn+l,να

µ
−kdm+k,µ

= ∑
k∈Z

∑
l∈Z

α
µ
−kαν

−l(ηµνδm+k+n+l,0 − dn+l,νdm+k,µ) + αν
−lα

µ
−kdn+l,νdm+k,µ)

= 2Lm+n +
D
2

m2δm,−n (24)

For the NS sector, recall that

Lf
m =

1
2 ∑

r∈Z+1/2

(
r +

m
2

)
: b−r · bm+r : m ∈ Z

For the first one, we only need to calculate the bosonic part.

L f
m =

1
2

 ∑
r≥−m/2

(r +
m
2
)b−rbm+r + ∑

r<−m/2
(r +

m
2
)bm+rb−r

 (25)

From which we have

[L f
m, L f

n] =
1
4

 ∑
r≥−m/2

(r +
m
2
)b−rbm+r + ∑

r<−m/2
(r +

m
2
)bm+rb−r

 ∑
l≥−n/2

(l +
n
2
)b−lbn+l + ∑

l<−n/2
(l +

n
2
)bn+lb−l


− 1

4

 ∑
l≥−n/2

(l +
n
2
)b−lbn+l + ∑

l<−n/2
(l +

n
2
)bn+lb−l

 ∑
r≥−m/2

(r +
m
2
)b−rbm+r + ∑

r<−m/2
(r +

m
2
)bm+rb−r


(26)

Note that r, l ∈ Z + 1/2. Using the commutation relation {bµ
r , bν

l } = ηµνδr+l,0, we obtain that

[L f
m, L f

n] = (m− n)L f
m+n +

D
24

(m3 −m)δm+n,0. (27)

Since L f
m and Lb

n commutes (they origin from independent freedoms of the theory), thus we have

[Lm, Ln] = [Lb
m, Lb

m] + [L f
m, L f

n] = (m− n)Lm+n +
D
8

m
(

m2 − 1
)

δm,−n. (28)

For the second one, since

Gr =

√
2

π

∫ π

−π
dσeirσ J+ = ∑

n∈Z

α−n · br+n r ∈ Z +
1
2

Thus we have

[Lm, Gr] = ∑
k∈Z

[Lm, α−kbr+k] (29)

= ∑
k∈Z

α−k[Lm, br+k] + [Lm, α−k]br+k (30)

(31)

Problem 3 continued on next page. . . – 3 –



Zhian Jia | BA17038003 String theory Homework 09

Since we have

[Lm, α
µ
−k] = [Lb

m, α
µ
−k] = −kα

µ
m−k (32)

[Lm, bµ
r+k] = [L f

m, bµ
r+k] = (

3m
2

+ r + k)bµ
m+r+k (33)

Substituting them into the original equation, we obtain

[Lm, Gr] =

(
m
2
− r
)

Gm+r (34)

For the last one,

{Gr, Gs} = ∑
k∈Z

∑
l∈Z

{α−kbr+k, α−lbs+l}

= ∑
k∈Z

∑
l∈Z

α
µ
−kbr+k,µαν

−lbs+l,ν + αν
−lds+l,να

µ
−kbr+k,µ

= ∑
k∈Z

∑
l∈Z

α
µ
−kαν

−l(ηµνδr+k+s+l,0 − ds+l,νdr+k,µ) + αν
−lα

µ
−kds+l,νdr+k,µ)

= 2Lr+s +
D
2

(
r2 − 1

4

)
δr,−s (35)

————————————————
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