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Problem 1 Prove that

DY = ¥ + 8B — §p"a, X" + %9eaalp%‘p“ )
Solution.
Recall that Dy = —MLA — (0p%)49y and YH (0%, 04) = XH(0®) + Oyp# (%) + 100B*(c*), we have
DAY —(— 0 _ (go%)Aa,)Y*
004
= (=" + (~(6") 2 Y)
0,

=0+ § + F4BM) + (—Fp" 0. XF — (Bp*) 40,09 (o) +0)
)

We have used the fact that, for two-dimensional Grassman algebra, product of three or more Grassman
number must vanish. Let us now consider the term (6p%)49, 0y (c%).

(0p")"0a0y (o) =6c (ip0) DD APEu

. 1 _
=(ipo)cpPDa (_§5CE9F9F)3M/J]];

1. -
=— EG()E)ai,b”p”‘ 3)
Substitute this into the original equation, we obtain
DY" = ¢t 4+ B! — 0p“0, XH + %éeaalﬁ”p“ 4)
O

Problem 2 Derive the mass formulas for states in the R and NS sector of the RNS open superstring.

Solution.
Let us first consider R sector, the zero mode Virasoro constraint for ag = 0 is
Ly—0=0,
where the Virasoro operator is given by
1
Ly = E’X% +N, 6)
where number operator is o o
N=Y o a,+ Y nd d,. (6)
n>0 n>0
Therefore the mass formula is o o
M2 =Y o a4+ Y nddi 7)
n>0 n>0

Let us now consider the NS sector, zero-mode Virasoro constraint with ayg = % is

1
Ly—~=0 8
0= 5 ®)
where Virasoro operator Ly is given by
1
Lo = sz% +N )
with number operator o o
N=Y o a,+ ) rb,b (10)
n>0 r>0
Therefore we get mass formula
1
a’M?> =N — 5 (11)
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Problem 3 Prove that for R sector
[LH’I/ Ln} = (m - n)Lm+n + %m?)(sm,—n
(Lo, Ea] = (% =) Et (12)
{sz Fn} =2Lm4n + %mzémﬁn

Prove that for NS sector

[Lim, Ln] = (m —n)Lygn + %m (m2 _ 1) Om,—n

Lo, Gl = (% =7) Gurtr (13)
{Gr/ Gs} =2Lp4s + % (7’2 - %) Or,—s
Solution. For R sector, recall that L,,, = L{n + LZW the bosonic part obey the usual Virasoro commutation
relations,
[LZW L;Z] = (m - ”)Lern = E(mg - m)‘Sern,O' (14)
Let us calculate the fermionic part.
1 m m
L{n =3 ( Y. (k+ E)d—kdm-‘rk + ) (k+ 2)dm+kd—k) (15)
k>—m/2 k<—m/2

From which we have

1 m m n n
Lf, L] —4( Y (k+ 5 )i+ Y (k+ 2)dm+kdk)( Y (I 5)didnys + Y (L4 5 )dnpid g

k>—m/2 k<—m/2 1>—n/2 I<—n/2

1 n n m m
1 ( Y. I+ E)dfldnﬂ + ) U+ 2)dn+ldl) ( Y, (k+ E)dfkdm+k + ) (k+ E)dm+kdfk
1>—n/2 I<—n/2 k>—m/2 k<—m/2
(16)
Using the commutation relation {d};, d%,} = 1#"'6,,. 0, we obtain that
D D
(L, L] = (m—n)L!,, + "+ - 17)
Since L{; and LY commutes (they origin from independent freedoms of the theory), thus we have
D
(L Ln] = [Lby L] + [Lh, L) = (m = 1)Ly + g (m? 1) b, (18)
Recall that
7 .
Fu = % [ doe s = ¥ an i (19)
- nez
We have
(L, Fu] = Z [Lin, ‘xfkdnJrk]
kez
= Z (‘X—k[Lm/dn-&-k] + [Lm/“—k}dn-&-k (20)
kez
Since we have
(L, o)) = [Lb, 0" ] = —ka!! | (21)

Problem 3 continued on next page. .. -2-
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3m

Lo d! ] = Ly d" ] = (G R (22)
Substituting them into the original equation, we obtain that
m
[Lm/ Fn] = <2 - ”l> Fuin (23)
For the last one,
{Fu, Fu}y = Y Y {aidyiioa_idyii}
keZleZ
= Z 2 “}ikdm-l-k,pt“]ildn—&-l,v + “lizdn+l,v0&kdm+k,y
keZleZ
= Z Z “}ik“lil(ﬂﬂvém+k+n+l,0 - dn+l,vdm+k,;t) + “lil“;ikdnﬂ,vdm—«—k,y)
keZleZ
D,
=2Lpyn + S m Om,—n (24)
For the NS sector, recall that
1
Lfn:f (r+72n):br~bm+r: meZ
reZ+1/2
For the first one, we only need to calculate the bosonic part.
1 m m
th=x{ L ¢+3b-buirt ¥ (r+2)busrbs (25)
r>—m/2 r<—m/2
From which we have
1 m m n n
[L';, L'Z] :1 ( Z (1’ + E)b—rberr + Z (1’ + 2)bm+rbr) ( Z (l + E)b—lbn-l-l + Z (l + z)bn+lb—l>
r>—m/2 r<—m/2 1>-n/2 I<—n/2
1 n n m m
-1 ( Y, 0+ E)b_lan,l + Y I+ Z)bn+lb—l> ( Y, (r+ E)bfrbmﬂ + Y (r+ 2)bm+rbr)
1>-n/2 I<—n/2 r>—m/2 r<—m/2
(26)
Note that r,! € Z +1/2. Using the commutation relation {b}, by'} = 6,410, we obtain that
D
(L L] = (m = m) Ly + 5 (7 = )G 27)
Since L{; and LY commutes (they origin from independent freedoms of the theory), thus we have
D
(L Ln] = [Lby L] + [Lh, L) = (m = 1)Ly + g (m? 1) 6. (28)
For the second one, since
V2 1
Gr = 7Lﬂdael’”]+ = Z &_ybriy reZ—kE
nez
Thus we have
[Lin, Gr] = Z (L, ot —icby] (29)
keZ
=Y & g[Lim, byyi] + [Lin, ] bryi (30)
kez
(D)

Problem 3 continued on next page. .. -3-
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Since we have

[Lmrapik] = [Lzzf“}ik] = _k[xifk
3m
[Lmr bﬁ;k] = [L{nrbirk] = (7 +r+ k)br;:z+r+k

Substituting them into the original equation, we obtain

m
[Lmr Gr] = (2 - 1’) Gmtr
For the last one,

{Gr,Gs} = ) Y {aibrip,a_ibsys}

keZleZ
_ M M
= 2 2 a,kerrk,y“Iilstrl,v + “]ildsqtl,v“,kbﬂrk,y
keZleZ
_ M I
- 2 2 “_k“lil(ﬂﬂvfserkJrerl,O - ds+l,vdr+k,y) + “]il“_kderl,verrk,y)
keZleZ
D 1
=2Lyys + o (7’2 - 4> 5r,—s
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