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Problem 1 Prove the following OPEs

Tp(z)Tp(w) = (;O’Dz{,%z; T ) TB( ) + 250w TB( )+
Tp(z)Tp(w) = = 3/ 2) Tr(w) + z— aw Tr(w) + )
TF(Z)TB(w) (z3 2) TF(w) =+ 21,/ awTF(w)
TF(Z)TF(w) = )3+Z2wTB(w)+"'
Solution. Recall that
Tp(z) = —2:09X(2) -9X(z) : =% : ¢(2) - 9p(2) :
and the OPE . o
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Define 1
Tp1 = —2: aX(Z) . E)X(z) 5 TIpp= 3 : 1/)(2) atp(z) : (10)
then Tgp = Tp 1 + Tg. Recall the we have calculated the OPE for T in bosonic string theory
Taa (2)Taa () ~ 2+ o Taa (1) + =0T (w) a
For the Tg, part, we have
1
Tp1(2)Tpa(w) =7 : ¢(2) - 99(2) = p(w) - 9p(w) :
1 T :
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Here we have used Egs. to (9) and Taylor expansion for T(z) and 9T(z) around w and omitted the
regular terms. From these two OPEs, we have

Tp(z)Tp(w) =(Tp1+ Tp2)(Tp1 + Tp2)
=Tp1TB1 + T2 TRy
3D/4 2

1
~ (z — ZU)4 + (Z — ZU)Z TB(ZU) + mawTB(w) (13)

For the OPE of
Tr(z)Tr(w) = — 49 (z) - 0X(z)p(w)oX (w)
~ = 4[nupt (2)0X" (2)npepf (W)X (w) + 1t (2)9X" (2)17pr9p” (w)aX° (w)
T \
+ M (2)9X" (2) 00 PP (w) 9 X" (w)
= 4[17;“,77(,0(;]_% :9XY(2)0X(z2) : +77MV’7P0(_UT) ¢ _1w>2 s PH (2) 9P (w) : _éll(z—Dw)ﬂ
D 2

Tlz—w) + z—wTB(w) (14)

Notice that in the last step we have used the Taylor expansion of dX(z) and ¥*(z) around z = w and
omitted the regular terms.
For the OPE,

Tp(z)Tr(w) = —4i: 0X(z) - 0X(z) : P(w) - 0X(w) — i : P(z) - 0P(z) : Y(w) - 90X (w)
~ = 8ing0 X" (2)0X" (2) P ()0 X" (W) o0 — i (2) - 99" (2) 9P (w) - 9X7 (W) 1700
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(Z _/w)z TF(W) + mapr(W) (15)

~

Notice that in the last step we have used the Taylor expansion of 9X"(z) and ¢*(z), ’(z) around z = w
and omitted the regular terms.
For the last one, with completely the same philosophy, we have

Tr(z)Tp(w) = — 4ip(z) - 9X(z) : 9X(w) - 0X(w) : —ip(z) - 9X(2) : P(w) - oP(w) :
~ = 8l "X (Z)OXP (w)d” (w) e — i §*(2)aX" (2) 00 P (w) Y (w)
— "t (2)0X" (2) 7009 (w)oy’ (w)

(23/§] S Te(w) + 12 5T (w) (16)

where as per usual, we have used Eqs (3) to (9) and Taylor expansion trick.
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