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Topological order

Definition  
Equivalence classes of gapped local Hamiltonian 
whose low-energy  effective theories realize given 
TQFT

Physical properties: 
- Topologically protected GSD 
- Long-range entanglement 
- Topological entanglement entropy 
- Fractional statistics

Topological phase

Topological quantum 

computation


Topological QECC

TQ
FT

Lattice model
{H, ℋ}

(2+1)D anyon model: 
- Topological charge 
- Antiparticle 
- Quantum dimension 
- Fusion rule 
- Braiding 
- Topological spin 
- S-matrix, T-matrix 
- Verlinde formula

https://www.quantumtheory.nat.fau.eu/2017/04/21/superconducting-quantum-simulator-for-topological-order-and-the-toric-code/
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Topological order: lattice model

Definition  
Equivalence classes of gapped local Hamiltonian 
whose low-energy  effective theories realize given 
TQFT

The mathematical structure behind the topological 
order is tensor category theory, for the 2d case, the 
topological excitation is described by a unitary 
modular tensor category (UMTC) 
- anomaly-free 
- non-chiral

Levin-Wen string-net model  Turaev-Viro-Barrett-Westbury↔

Kitaev quantum double model  Dijkgraaf-Witten↔

Higher category for higher dimensional cases!

Main topic of This talk

[Levin-Wen 2005]
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Hopf QD model: definition of Hopf algebra

Sweedler’s  Notation: ; Δ(h) = ∑
(h)

h(1) ⊗ h(2) f ⇀ h = ∑
(h)

h(1)f(h(2))
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Hopf QD model: quantum double of Hopf algebra
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Hopf QD model: finite group algebra

Let  be a finite group, the linear span  is a Hopf algebra 
- Multiplication:  
- Unit:  
- Comultiplication:  
- Counit:  
- Antipode: 

G ℂ[G]
g ⋅ h

1G
Δ(g) = g ⊗ g, ∀g

ε(g) = 1,∀g
S(g) = g−1, ∀g

Kitaev quantum double model

X

X

X

X

Z

Z

Z

Z

Many applications 
- Topological QC  
- Topological quantum memory 
- Topological order 
- Lattice gauge theory
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Hopf QD model: general C* Hopf algebra
- Edge space: Hopf algebra  

- Vertex: H as a left -module: 
 
 
 

- Face: H as a left -module 
 
 
 
 

H

H

Ĥ

To construct the face and vertex operators, we need a new concept: Haar integral of Hopf algebra
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Hopf QD model: general C* Hopf algebra
Haar integral

Every C* Hopf algebra has a unique Haar integral !
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Hopf QD model: general C* Hopf algebra

H = ∑
v

(I − Av) + ∑
f

(I − Bf )

Local stabilizers

Set  and  as Haar integrals of  and h φ H Ĥ

Hamiltonian

[Buerschaper, Mombelli, Christandl, Aguado, 2013]  
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Ribbon operator and topological excitation

Two types of ribbon

⇢A

⇢B

2

type-A: 

type-B: 

D(H)∨,op

D(H)∨

Example: type-B D(H)∨

[Jia, Kaszlikowski, Tan, 2023]
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Ribbon operator and topological excitation
Triangle operators

[Jia, Kaszlikowski, Tan, 2023]
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Ribbon operator and topological excitation
Topological excitations: finite group

- Electric charge g=1 
- Magnetic charge: trivial rep 
- Dyonic charge: electric + magenatic

A topological charge is an irrep of D(H) For general Hopf case D(H)

Hopf quantum double excitation

⇢A

⇢B

2

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: algebraic theory

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: algebraic theory

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: Hamiltonian theory

Always exist!

[Jia, Kaszlikowski, Tan, 2023]
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Boundary stabilizers



Gapped boundary: Hamiltonian theory

Straightening relation:[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: Hamiltonian theory

[Jia, Kaszlikowski, Tan, 2023] 18

Boudary-bulk duality 
Holographic principle



Gapped boundary: Solve the boundary model
Hopf Tensor Network

[Jia, Kaszlikowski, Tan, 2023]
19



Domain Wall: Algebraic Theory

[Jia, Kaszlikowski, Tan, 2023]

Folding Trick

- Domain wall 
is a boundary


- Boundary is a 
domain wall
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Domain Wall: Hamiltonian Theory

[Jia, Kaszlikowski, Tan, 2023]

Domain wall lattice
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Discussion

-A complete theory of boundary and domain wall theory of Hopf quantum double

-Weak Hopf case, weak Hopf symmetry ([Jia, Tan, Kaszlikowski, Chang, CMP 2023])

-Higher dimensional case

-Symmetry-enriched case (largely remains open!)

-Entangle entropy is sensitive to defect and boundary

-Operator algebra perspective: stability, Haag duality, infinite-volume sector, etc. 

-Weak Hopf quantum double  extended string-net model↔

Thank you for your attention!
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