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Topological order

Physical properties:

- Topologically protected GSD

- Long-range entanglement

- Topological entanglement entropy
- Fractional statistics

Definition
Equivalence classes of gapped local Hamiltonian

whose low-energy effective theories realize given
TQFT

(2+1)D anyon model:
- Topological charge Topological phase
- Antiparticle

- Quantum dimension
- Fusion rule

- Braiding

- Topological spin
- S-matrix, T-matrix
- Verlinde formula

https://www.quantumtheory.nat.fau.eu/2017/04/21/superconducting-quantum-simulator-for-topological-order-and-the-toric-code/



Topological order: lattice model

Definition

Equivalence classes of gapped local Hamiltonian
whose low-energy effective theories realize given

TQFT

The mathematical structure behind the topological
order 1s tensor category theory, for the 2d case, the
topological excitation 1s described by a unitary

modular tensor category (UMTC)
- anomaly-free
- non-chiral

Higher category for higher dimensional cases!
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Levin-Wen string-net model <> Turaev-Viro-Barrett-Westbury
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! ' [Kitaev 2003] !
Kitaev quantum double model <> Dijkgraaf-Witten
Main topic of This talk



Hopf QD model: definition of Hopf algebra

A (complex) Hopf algebra is a complex vector space H equipped with several structure
morphisms: multiplication 4 : H ® H — H, unit n : C — H, comultiplication A : H —
H ® H, counit € : H — C and antipode S : H — H, for which some consistency conditions
are satisfied:

1. (H,u,n) is an algebra: po (u®id) = po (id®u), and po (n®id) =id = p o (id®n).

2. (H,A,¢€)is acoalgebra: (A®id) c A = (id®A) o A, and (e®id) o A =id = (id®e) o
A.

3. (H,u,n,A,e) is a bialgebra: A and e are algebra homomorphisms (equivalently pu
and 7 are coalgebra homomorphisms).

4. The antipode S satisfies: po (S®id)c A=noe=po(id® S) o A.

Sweedler’s Notation: A(h) = Z ' ® h(z);f—‘ h = 2 h(l)f(h(z))
(h) (h)



Hopf QD model: quantum double of Hopf algebra

The quantum double of H is the vector space (HY)P ® H equipped with a Hopf
algebra structure; we denote it as D(H) = (H )P X H. The multiplication is given by

()W ®y) =Y (S (z®)ez) @ z3)y,
()

where “o” denotes the argument of the function. The other data are given by

lpmy =1®1,

Apan(p®z) =3 3 (¢ ®2M) ® (¢ ® 2?),
() (z)

ep)(p® ) =e(z)p(lh),

SD(H) R x) = Z Z 1) <p(3) hd) 0 S~ (h(l)))§_1(¢(2)) R S(h(z)).
(¢) (z)




Hopf QD model: finite group algebra

Let G be a finite group, the linear span C|G] 1s a Hopf algebra
- Multiplication: g - A

- Unit: 1,

- Comultiplication: A(g) = g ® g,Vg

- Counit: e(g) = 1,Vg

- Antipode: S(g) = g1, Vg

Kitaev quantum double model

b —1
. . 129
A’U| L3—re—>L1] > — Z | gxrs ¢ >$1g_1 >
G| =,
T4 7 g4
9 L2
A g Iy g\
Bf 3 ) 1 > — 5:131_1:132:1:3:1;Z1,e 3 ’ 1 >
> >

Many applications

- Topological QC

- Topological quantum memory
- Topological order

- Lattice gauge theory



Hopf QD model: general C* Hopf algebra

- Edge space: Hopf algebra H

|
- Vertex: H as a left H-module: _@%@
LMy = [ho o) = [ha), © .
L"|z) = |z < S(h)) = |zS(h)), 0 B/ 0
A \Z
- Face: H as a left H-module

Tflz) =|p = z) =) (p,2@)zV),
@)

T?|z) = |z — S(¢)) =D _(S(p),z)z®) = | Y (p,S(z1))z?)

To construct the face and vertex operators, we need a new concept: Haar integral of Hopf algebra



Hopf QD model: general C* Hopf algebra

Haar integral

Let H be a Hopf algebra. A left (resp. right) integral of H is an element ¢/ € H
(resp. 7 € H) such that zf = e(x)f (resp. rx = re(x)) for all z € H. They are normalized
if e(¢) = e(r) = 1. A two-sided integral is an element that is simultaneously a left and a
right integral. A Haar integral is a normalized two-sided integral.

The Haar integral for the group algebra C[G] is hcig = ﬁ > gec 9, and the Haar
measure is 01, where for any g € G the function ¢, : C|G] — Cis given by d4(h) = 05p =1
if g = h and 0 otherwise. Hence the inner product on C|G] induced by é; is (g, h) = d, 4,
for Vg,h € G.

Every C* Hopf algebra has a unique Haar integral !



Hopf QD model: general C* Hopf algebra

Local stabilizers

1) B(2) B3 B
vy AMs) =Y LMV (a) @ LAY (s) @ L (js) @ L7 (51),
A A (h)
x‘fs/f 2 o, o, o @),
T - B?(s) =) T? (j1)®T? (jo) @ TY " (js) @ T (ja),
21
()
76 Al(s)BP(s) = D BHET TN () 4N (s),

(h)

Hamiltonian

Set i and @ as Haar integrals of H and H

H=Y (I-A)+ ) (I-B)
v f

[Buerschaper, Mombelli, Christand|, Aguado, 2013]




Ribbon operator and topological excitation

Two types of ribbon Example: type-B D(H)"
“ “ “ “ “ “ Dual Hopf algebra D(H)V = Dg(H)Y = H°® ® H, with
; A___p= A = 1 _= £ i__“ \ : 4 = (h®@)(g®¢) = gh & ¢,
Apay(h@a)= > (MY ek) @ (SEP)RPED @ a(ke)),
k,(k),(h)

lpay =1l ®en, epmyv(h® a) =e(h)a(l),

PB

Fhe(p) = 3 P09 () FE@OT ()

L3 3 POk PR

A V,0p
type-A: D(H) e ()

type-B: D(H)Y

[Jia, Kaszlikowski, Tan, 2023]
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Ribbon operator and topological excitation

Triangle operators

S PRl = eWTa) =Wz = Se)),  e— " FM(ER)le) = d@)La) = &(p)le a S(h),
NE— Fm)la) = eWTTle) = (g — o). = Fm)l) = dp)Lhla) = dp)lhoa)
N M ()le) = )L o) = &)l <h). s Fe(rle) = () F4le) = (i)l ),
N> PP (7L)[2) = (0) L o) = £(p)IS(R) b ). => P (m)ln) = e(WTEle) = «()|3(p) — @)
S0 S1

[Jia, Kaszlikowski, Tan, 2023]
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ajgl,w = ClG] ®cog(g) Mnr

A

- Electric charge g=1
- Magnetic charge: trivial rep
- Dyonic charge: electric + magenatic

A

A

Topological excitations: finite group

A topological charge is an 1rrep of D(H)
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Ribbon operator and topological excitation

Hopf guantum double excitation

For general Hopt case D(H)

ag,Mg — H ®H9 Mg

G|
dim H,

FPdimag pr, = dim M,

e There is a universal grading group G = U(Rep(H)) for any semisimple Hopf algebra
H.

e Consider the largest central Hopf subalgebra K (HP) of HP, we have K (HP) =
CGV, which is commutative, and Rep(I:I €OP) = EBgegRep(I:I ©P),. Suppose that H, is
a Hopf subalgebra of H such that Rep(H,) = DeeCulg) Rep(H<P),. It is proved that
K (H®P) = CG" is a normal Hopf subalgebra of D(H).

o T, ={M,} is the set of all irreducible representations of H° X H, (here “X" denotes
bicrossed product) such that the character s, , when restricted on K (H°P), satisfies
= gdim M,.

Mg |k (freop)

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: algebraic theory

Hopf quantum double model String-net model
Bulk Hopf algebra H UFC € = Rep(H)
Bulk phase D = Rep(D(H)) Funrep(#)|Rep(r) (Rep(H ), Rep(H))
Boundary H-comodule algebra Rep(H )-module category oM = oMod
Boundary phase B ~ T Modgy Fungep e (aM, aM)
Boundary defect ss Moday Fungep ) (aM, s M)

Hopf quantum double model String-net model

Bulk Hopf algebra H UFC C = Rep(H)
Bulk phase D = Rep(D(H)) Fungep () |Rep(2) (Rep(H ), Rep(H))
Boundary H-module algebra N Con
Boundary phase B ~ 9nCon Fune(Con, Con)
Boundary defect 7 Con Fune(Con, Cx)

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: algebraic theory

Definition  Let H be a Hopf algebra and (A, usg, ng) an algebra. If A is a left H-comodule

with left coaction Py : ™A — H QA such that By(xy) = Pa(x)Bu(y) and By(ly) = 1y ® 1g,
then A is called a left H-comodule algebra. A right H-comodule algebra can be defined
stmilarly.

Definition Let H be a Hopf algebra and 9N an algebra. If MM is a left H-module such
that h>(zy) = -5y (MV>x) (P >y) and h>1gy = e(h) 1o, then M is called a left H-module
algebra. A right H-module algebra can be defined similarly.

[Jia, Kaszlikowski, Tan, 2023]
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Gapped boundary: Hamiltonian theory

Definition A symmetric separability idempotent of an algebra 2 is an element X =
E< A) 2D A2 e A A that satisfies the following conditions:

(1) Y 2AP @ A2 =37 AV @ A2z, for all z € 2. Always exist!
(2) ZO\) AR — 1.
Yy
3 M @ \2) = A2 @ A1 " A% (s Vz y, B) = S Jaz, yblo), S(bH)AY,
N (N K :
Boundary stabilizers y [ .,
o) " A®(sp)|z,y, h) =y _ |az,yb, alVh),
L T @ T B
B#(s)| :1:| : kY=Y ij(l)a: | : ¢k ) .
h ¥ % h e A sy, ) = 3 e, b, bl
B T | o o
Yy Sp
[Jia, Kaszlikowski, Tan, 2023] h A (sp)l,y, b) = D laz, yb, hS(al)),

L [a]
16



Gapped boundary: Hamiltonian theory

We introduce the crossed product (2 ® A°P) x H between A ® 2A°P and H as follows:
the underlying vector space is (A ® ) ® H, the multiplication is given by

(a®b)x @) (c®d)xp) =) (ac” @ db) x p(c!") o ')y,

and the unit is (121(8)12()*6. Clearly, ((1Q(®1Q()*E)°((a®b)*g0) = ((a®b)*g0)-((lg[®1g[)*5) =
(a ® b) % . The multiplication is associative:
[((a®b)xp) - ((c®d)*)] - ((e® f)x0)
= 3" (e @ ) x p(cl! 0 dl)p) - (e & £) %)
— Z(ac[o]e[o] ® FOdp) x p(cltell o ) (el? o f12)g
= ((a®b)*¢p) - ((ce” ® f%) x y(e! o fl1)0)
= ((a®b)xp) - [((c®@d)x 1) - ((e® f) x0)].

[Jia, Kaszlikowski, Tan, 2023] Straightening relation: pla®b) = Z(G[O] ® b[O])CP(a[l] ® bm)

17




Gapped boundary: Hamiltonian theory

Proposition At a boundary site sp, the boundary face and vertex operators generate the

algebra (A Q@ A°P) % H, with the straightening relation

BSO(Sb)Aa@b(Sb) _ Z Aa[0]®b[0](Sb)Bcp(alllob[l])(sb)’
[a], 0]

where a @ b € AR AP and ¢ € H. Therefore, the map

U, : (AR AP) x H — End(H(sp)), (a®b)*p — A®%(s,) B¥(sp)
1s an algebra homomorphism. That is, every boundary site supports a representation of
(AR AP) x H.

Proposition Consider a gapped boundary determined by an H-comodule algebra 2L:

1. The boundary local operator algebra is fusion-categorical Morita equivalent to D(sp) ~

(AR AP) x H.

2. The bulk-to-boundary ribbon operator algebra A, is the dual of the boundary local
operator algebra A, = D(sp)Y. Or equivalently, the dual of the bulk-to-boundary

ribbon operator algebra is fusion-categorical Morita equivalent to the boundary local

operator algebra Ay ~ (A ®AP) x H.

[Jia, Kaszlikowski, Tan, 2023] 18
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Boudary-bulk duality
Holographic principle



Gapped boundary: Solve the boundary model

Hopf Tensor Network

b0 - g - . .
b S(¢)
(67)= =\ >

Proposition (Ground state on a disk). Suppose that ¥ is a disk, then the ground state is

unique. Then the ground state of the boundary lattice model determined by an H-comodule
algebra 2 is the Hopf tensor network state

Yas) = [Yemonyces) ({het {0g 11 {hae b {va 1, D)

For each bulk site s, we have

B¥(s)A%(s)|¥as) = €(9)e(1u)|¥Yas)-

[Jia, Kaszlikowski, Tan, 2023]
19



Domain Wall: Algebraic Theory

Folding Trick

- Domain wall
IS a boundary

- Boundary is a
domain wall

----------------------------------------------------------------------------------

________________________________________________________________________

_________________________________________________________________________________

_________________________________________________________________________________

Hopf quantum double model

String-net model

Bulks (7 = 1,2)

Hopf algebras H;

UFC C; = Rep(H,)

Bulk phases

D; = Rep(D(H,;)) Fungep () |Rep( ;) (Rep(H;), Rep(H;))

Domain wall

H1|H>-bicomodule algebra, B C1|Ca-bimodule category s Mod

Domain wall phase

gBMOng

Funel

62(53M7 %M)

Domain wall defect

%MOdQ{ FunRep(Hl)

Rep(H2) (91M, %M)

[Jia, Kaszlikowski, Tan, 2023]
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Domain Wall: Hamiltonian Theory

Domain wall lattice

3d1 Y Sdz
Y > - a®b — [0] [—1] 1]
k| h . _ k A N A (sq,)|z, by, ) = ) a2, kS (a7 1), yb, RS (alM)),
) A ®b(3dz’)|xa ka Y, h) — Z lCLSB, kb[ l]a yb[o]a S(b[ll)h>a \mk la]
Sdy " ¥ Sdy [6]
k ’ h
Sd Y Sdy Aa®b(3dz’)|x7 k,y, h> — Z |CL.’L’, S(b[_l])ka yb[o]a S(b[ll)h>a
% Ak A*(sq) |z, k,y, k) =Y |a%%, kS(al~Y), yb, a!R), Say T Sdp b
* [a]
3d1 Y Sdz
k¥ A®®(s4,) |z, Ky, h) = ) a2, a7k, yb, al'Ih).
A% (54, by, h) = Y laz, SO )k, ybl°l, hplY), o
[6]
Sdl y 8d2 — N \ —~ -~ O 7
a _ H|C(Xy)| = I—A Sd;)) + I—BHz‘Si.
’ ; > A ®b(3dz~)|$, kv, h) _ Z |a[0]:c,a[ l]k, yb, hS(a[l])>, [ ( )] 22172%:( ( )) 22142%4( ( d ))
z a] -

[Jia, Kaszlikowski, Tan, 2023]

A" (sq,) |z, kyy, h) =Y |az, kb, bl npll),
[b]
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Discussion

- A complete theory of boundary and domain wall theory of Hopf quantum double
- Weak Hopf case, weak Hopf symmetry (uia, Tan, Kaszlikowski, Chang, CMP 2023])

- Higher dimensional case

- Symmetry-enriched case (largely remains open!)

- Entangle entropy is sensitive to defect and boundary

- Operator algebra perspective: stability, Haag duality, infinite-volume sector, etc.

- Weak Hopf quantum double < extended string-net model

Thank you for your attention!
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